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Sesavali 
 
rogorc cnobilia, SemTxveviT procesTa Teoriasa da Tanamedrove 

stoqastur analizSi gansakuTrebuli adgili ukavia e. w. martingaluri 

warmodgenis Teoremebs, romelic gulisxmobs, magaliTad, vinerisa da 

puasonis funqcionalebis stoqasturi integralebis saSualebiT 

warmodgenas. es Teoremebi uaRresad aqtualuria erTis mxriv, SemTxveviT 

procesTa Teoriis Semdgomi ganviTarebisaTvis, xolo meores mxriv, 

iZleva farTo SesaZleblobebs maTi gamoyenebisaTvis Tanamedrove 

finansuri maTematikis mravali praqtikuli amocanis gadawyvetisas. 

gasuli saukunis 80-ian wlebSi aRmoCnda (ix. Harrison, Pliska (1981)), rom 

martingaluri warmodgenis Teoremebi (girsanovis zomis Secvlis 

TeoremasTan erTad) arsebiTad mniSvnelovan rols TamaSobs Tanamedrove 

finansur maTematikaSi. es meTodologia warmatebiT gamoiyeneba 

amerikuli ofcionis valuaciis amocanaSi (ix. Bbensoussan (1984), Karatzas 
(1988)), moxmareba-investirebis optimizaciis amocanaSi (ix. Karatzas, 
Lehoczky, Shreve (1987); Cox, Huang (1989), Karatzas (1989), wonasworobis amocanaSi 
(ix. Karatzas, Lehoczky, Shreve (1990)), optimaluri portfelis agebis amocanaSi 

(ix. Ocone, Karatzas (1991)) da sxva.    kerZod, integralur warmodgenaSi 

monawile stoqasturi integralis integrandis saSualebiT xerxdeba 

mahejirebeli strategiebis ageba sxvadasxva tipis evropul ofcionebSi. 

am tipis warmodgenebis misaRebad gamoiyeneba klarkis (ix. Clark (1970)) 
cnobili formula, Tumca es ukanaskneli ar iZleva saSualebas 

stoqasturi integralis integrandis cxadi saxis sapovnelad, rac 

aucilebelia optimaluri portfelis asagebad.  

vgulisxmobT, rom mocemulia standartuli albaTuri sivrce 

filtraciiT );0,;;( Ptt ≥ℑℑΩ  da masze gansazRvruli standartuli 

vineris procesi 0),( ≥ℑ tttw .  

klarkis cnobili Sedegis Tanaxmad (ix. Clark (1970)): Tu ξ -- Tℑ  -

zomadi kvadratiT integrebadi SemTxveviTi sididea, ∞<2ξE , maSin 

moiZebneba iseTi tℑ  SeTanxmebuli kvadratiT integrebadi  

)],0([),( 2 Ω×∈ TLt ωϕ  procesi, rom P -T.y. adgili aqvs stoqastur 

integralur warmodgenas:  

                         ∫+=
T

tdwtE
0

)(),( ωϕξξ .  

es Sedegi arafers ambobs ),( ωϕ t  procesis cxadi saxis povnaze, 

Sesabamisad, misi am saxiT gamoyeneba evropuli tipis opcionebis 

hejirebis amocanebSi SeuZlebelia. am mimarTulebiT cnobilia erTi 

sakmaod zogadi Sedegi, e. w. okone-klarkis formula (ix. Haussmann (1979), 
Ocone (1984)), romlis Tanaxmadac, vineris funqcionalebis SemTxvevaSi 

klarkis formulaSi monawile stoqasturi integralis integrandi 

warmoadgens Semdeg pirobiT maTematikur lodins:  

                              )](|[),( ωξωϕ W
ttDEt ℑ= ,                      (1) 

sadac ξtD  aris ξ  funqcionalis e. w. stoqasturi (anu malivenis) 

warmoebuli. 
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imisaTvis, rom SeviqmnaT warmodgena stoqastur warmoebulze, 

gavakeToT mciredi eqskursi stoqasturi integrebis TeoriaSi. rogorc 

cnobilia, integrebis Cveulebriv TeoriaSi integrandis zomadobis 

moTxovna arsebiTad naklebi SezRudvaa, vidre integrebadobis piroba, 

romelic gulisxmobs integrandis absoluturi mniSvnelobis garkveuli 

azriT SemosazRrulobas. rac Seexeba itos stoqastur integrals  

∫
T

sdwsf
0

)(),( ω , 

aq situacia gansxvavebulia: garda imisa, rom integrandi ),( ωsf  ori 

cvladis zomadi funqciaa, is unda iyos SeTanxmebuli procesi – yoveli 

],0[ Ts∈ - saTvis SemTxveviTi sidide ),( ⋅sf  unda iyos zomadi 

: { ( ), [0, ]}w
s w t t sσℑ = ∈ -- σ - algebris mimarT anu unda iyos damoukidebeli 

vineris procesis momavlis nazrdebisagan. erTis mxriv, Zalian bevr 

situaciaSi es bunebrivi moTxovnaa, rodesac filtracia (
w
sℑ -- σ - 

algebrebis nakadi) gviCvenebs SesaZlo informaciis evolucias. meores 

mxriv, es moTxovna didi xnis ganmavlobaSi sakmaod zRudavda rogorc 

Teoriis ganviTarebas, aseve stoqasturi aRricxvis gamoyenebis 

SesaZleblobebs. 

gasuli saukunis 70-iani wlebidan iyo mravali mcdeloba raTa 

SeesustebinaT integrandis SeTanxmebulobis piroba rogorc itos 

stoqasturi integralis integrandisaTvis, iseve “filtraciis 

gafarToebis” TeoriaSi. sruliad gansxvavebuli meTodi SemoTavazebul 

iqna skoroxodis mier (ix. Skorohod (1975)), romelic simetriuli iyo drois 

Sebrunebis mimarT, e. i. azogadoebda itos rogorc pirdapir, aseve 

Sebrunebul integralsac da aRar moiTxovda integrandis  

damoukideblobas vineris procesis momavlisagan, risTvisac mas dasWirda 

integrandis  garkveuli azriT sigluvis moTxovna, kerZod misi 

stoqasturad warmoebadoba. am ideam Semdgomi ganviTareba hpova Gaveau, 
Trauber (1982), Nualart, Zakai (1986), Pardoux (1988), Protter, Malliavin (1978) da sxvebis 
SromebSi. kerZod, Gaveau da Trauber-ma aCvenes, rom skoroxodis 

stoqasturi integrebis operatori emTxveva stoqasturi gawarmoebis 

(malivenis) operatoris SeuRlebuls.  

SemTxveviT sidides 
1: RF →Ω  uwodeben vineris gluv funqcionals, 

Tu moiZebneba usasrulod diferencirebadi SemosazRvruli n  cvladis 

f  funqcia, romlis yvela warmoebuli agreTve SemosazRvrulia 

))(( n
b RCf ∞∈  iseTi, rom F  warmoidgineba rogorc ))(),...,(),(( 21 ntwtwtwfF = , 

sadac 1≥n , ],0[ Tti ∈ . gluvi funqcionalebis klasi aRvniSnoT Ψ -asoTi. 

gluvi funqcionalis stoqasturi warmoebuli ganimarteba rogorc 

Semdegi saxis SemTxveviTi procesi: 

                        1 2 [0, ]
1

: ( ( ), ( )..., ( )) ( )
i

n
w
t n t

i i

fD F w t w t w t I t
x=

∂
=

∂∑ .             (2) 

wD⋅ - warmoadgens wrfiv, SemousazRvrel da Caketvad operators 

gansazRruls )(2 ΩL  sivrcis mkvriv qvesimravleze mniSvnelobebiT 

)],0([2 Ω×TL  sivrceSi. 
wD⋅  operatoris Caketvis gansazRvris ares 
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aRniSnaven 2,1
wD  simboloTi. Uufro zustad, 2,1

wD -- es aris gluvi 

funqcionalebis Ψ klasis Caketva Semdegi normis mimarT:  

                      
)],0([)(1,2 22

:
Ω×Ω

+=
TL

w
L

FDFF . 

2,1
wD -- warmoadgens hilbertis sivrces 

1,2
. normis momcemi 

skalaruli namravlis mimarT. skoroxodis integrebis operatori 

aRvniSnoT 
wδ simboloTi. maSin, rogorc zemoT SevniSneT,G Gaveau da 

Trauber-ma aCvenes, rom *( )w wDδ ⋅= . 

(1) gamosaxulebis gamoyeneba erTis mxriv, rogorc wesi, moiTxovs 

Zalian mniSvnelovan Zalisxmevas, xolo, meores mxriv, im SemTxvevaSi 

roca ξ  funqcionals ar gaaCnia stoqasturi warmoebuli, misi gamoyeneba 

SeuZlebelia. gansxvavebuli meTodi ),( ωϕ t  integrandis sapovnelad 

ekuTvnis Siriaevs, iors (ix. Ширяев, Йор (2003)) da graversens, Siriaevsa da 
iors (ix. Граверсен, Ширяев, Йор (2006)), roca ξ  aris “maqsimumis” tipis 

funqcionali. isini aseT funqcionals ukavSireben asocirebul levis 

martingals da iyeneben ganzogadoebul itos formulas, kerZod Tu 

tTtT wS
≤

= max , maSin adgili aqvs warmodgenas: 

∫ ⎥
⎦

⎤
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

−
Φ−+=

T

t
tt

TT dw
tT

wS
ESS

0

12 , 

sadac ( )xΦ  standartuli normaluri ganawilebis funqciaa: 

∫
∞−

−
=Φ

x t

dtex 2

2

2
1)(
π

. 

Cveni midgoma itos klasikuri aRricxvis farglebSi, standartuli 

2L  Teoriisa da sobolevis woniani sivrceebis Teoriis safuZvelze, 

saSualebas iZleva cxadi saxiT avagoT ),( ωϕ t  im SemTxvevaSic, roca ξ  
funqcionals ar gaaCnia stoqasturi warmoebuli (ix. Jaoshvili, Purtukhia 
(2005a)). cnobilia, rom xdomilebis indikators sazogadod ar gaaCnia 

stoqasturi warmoebuli. imisaTvis, rom raime A  xdomilobis indikators 

gaaCndes stoqasturi warmoebuli aucilebeli da sakmarisia, rom misi 

albaToba iyos nulis toli: 0)( =⇔∃ APDI A . Sesabamisad, okone-klarkis 

formulis gamoyeneba SeuZlebelia magaliTad, { ( ) 0}w TI >  -- 

indikatorisaTvis, maSin roca Cveni midgoma saSualebas iZleva daiweros 

Semdegi warmodgena:  

∫ −> Φ+=
T

tTTw tdwtwI
0

,0}0)({ )())((2/1 , 

sadac )(,0 ⋅Φ −tT -- normaluri ganawilebis funqciaa parametrebiT 0  da tT − .  

garda amisa, magaliTad, )( Twf  tipis funqcionalebisaTvis Cven 

damoukideblad gamogvyavs stoqasturi integraluri warmodgena 

winmswrebi (antisipatiuri) stoqasturi analizis gamoyenebis gareSe. 

amasTanave,  Cven erTis mxriv, vixilavT SemTxvevas roca f  funqcia aris 
1C klasis (Sesabamisad, okone-klarkis formulis gamoyenebiTac 

SeiZleboda integrandis cxadi saxis dadgena), xolo meores mxriv, 

vixilavT SemTxvevas, roca f  funqcia aris ara klasikuri azriT gluvi, 
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aramed gaaCnia mxolod pirveli rigis ganzogadoebuli warmoebuli 
1

2Wf ∈  (Sesabamisad, am SemTxvevaSi okone-klarkis formulis gamoyenebiT 

SeuZlebelia integrandis cxadi saxiT gamoTvla). naSromSi Seswavlilia 

rogorc erTganzomilebiani, ise mravalganzomilebiani SemTxvevebi. 

miRebulia vineris procesis lokaluri drois gansxvavebuli warmodgena. 

okone-klarkis formulis Semdgomi ganzogadoeba ekuTvnis Ma, Protter 
da Martin (1998)-s e. w. normaluri martingalebis klasisaTvis (martingals 

ewodeba normaluri, Tu tMM
t
=, ), romlis Tanaxmadac, Tu 

MDF 1,2∈ , maSin 

samarTliania okone-hausman-klarkis warmodgena:  

∫+=
T

M
t

p tdMFDEFF
0

)()( , 

sadac 
MD 1,2 -iT aRniSnulia sivrce kvadratiT integrebadi funqcionalebis, 

romelTac gaaCniaT pirveli rigis stoqasturi warmoebuli, xolo 

)( FD M
t

p -- aRniSnavs F  funqcionalis FD M
t  stoqasturi warmoebulis 

Wvretad proeqcias. cxadia, vineris procesis SemTxvevaSi okone-hausman-

klarkis formula daemTxveva okone-klarkis formulas, vinaidan vineris 

procesis sakuTar σ -algebraTa nakadi uwyvetia da amitom Wvretadi 

proeqcia emTxveva Sesabamis pirobiT maTematikur lodins. rogorc 

vxedavT, es warmodgenac moiTxovs, rom F  funqcionals gaaCndes 

stoqasturi warmoebuli. meores mxriv, am SemTxvevaSi, gansxvavebiT 

vineris SemTxvevisagan, SeuZlebelia stoqasturi gawarmoebis operatoris 

Cveulebrivi gziT ganmarteba, ise, rom miviRoT 
MD 1,2  sivrcis sobolevis 

sivrcis struqtura. aq stoqasturi warmoebulis ganmarteba efuZneba 

funqcionalis gaSlas jeradi stoqasturi integralebis mwkrivad, maSin 

rodesac vineris SemTxvevaSi garda am midgomisa, gamoiyeneba agreTve 

sobolevis sivrcis struqtura, romelic bevr SemTxvevaSi stoqasturi 

gawarmoebis operatoris cxadi saxiT agebis saSualebas iZleva. 

vigulisxmoT, rom ),,( PℑΩ albaTur sivrceze mocemulia M  

normaluri martingali ( ]},0[,{ TtM t ∈=ℑ σ ), romelsac gaaCnia qaoturi 

warmodgenis Tviseba (amboben, rom martingals gaaCnia qaoturi 

warmodgenis Tviseba Tu nebismieri F  SemTxveviTi sididisaTvis 

),,(2 PL ℑΩ  sivrcidan, moiZebneba )],0([2
n

n TLf ∈  yvela cvladis mimarT 

simetriul funqciaTa iseTi mimdevroba, rom igi warmoidgineba jeradi 

integralebis mwkrivis saxiT ∑
∞

=

=
0

)(
n

nn fIF ). ganixileba )(2 ΩL  sivrcis 

yvelgan mkvrivi qvesimravle:           

}!:)({:
0

2

)],0([
0

1,2
2

∞<== ∑∑
∞

=

∞

= n
TLn

n
nn

M
nfnnfIFD . 

M  normalur martingalTan dakavSirebuli stoqasturi 

gawarmoebis operatori ganimarteba rogorc wrfivi operatori 

)],0([: 21,2 Ω×→⋅ TLDD MM
 Semdegi TanafardobiT:  

                         ∑
∞

=
− ⋅=

0
1 )),((:

n
nn

M
t tfnIFD , ],0[ Tt ∈ .                   (3) 
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rogorc zemoT aRvniSneT, vineris procesis SemTxvevaSi es midgoma 

iZleva igive Sedegs, rasac iZleoda sobolevis sivrcis struqtura, 

magram sazogadod es ori ganmarteba ar emTxveva erTmaneTs Tu 

martingalis kvadratuli maxasiaTebeli SemTxveviTia. 

normalur martingalTa klasisaTvis 
M
pD 1,  ( 21 << p ) sivrcis 

ganmarteba SeuZlebelia Cveulebrivi gziT (e.i. gluvi funqcionalebis 

klasis CaketviT Sesabamisi normis mimarT). o. furTuxias naSromSi (ix. 

[58])  normalur martingalTa klasisaTvis SemoRebulia sivrce 
M
pD 1, , 

sadac 21 << p  da ganvazogadebulia okone-hausman-klarkis warmodgena 

funqcionalebisaTvis am sivrcidan. 

Ma, Protter da Martin-is mier moyvanil iqna magaliTi, romelic 

gviCvenebs, rom stoqasturi warmoebulis ori SesaZlebeli ganmarteba 

erTi da igivea maSin da mxolod maSin, roca martingalis kvadratuli 

maxasiaTebeli ],[ MM  deterministulia (magaliTad, rogorc vineris 

procesis SemTxvevaSi tww t =],[ ). Sesabamisad, okone-hausman-klarkis 

formula ar iZleva saSualebas cxadi saxiT avagoT stoqasturi 

gawarmoebis operatori, magaliTad, kompensirebuli puasonis procesis 

funqcionalebisaTvis (romelic cxadia ganekuTvneba normaluri 

martingalebis klass tMM
t
=, , magram misi kvadratuli maxasiaTebeli 

ara deterministulia tMNMM ttt +==],[ ), rom araferi vTqvaT misi 

Wvretadi proeqciis agebaze. 

ganvixiloT simetriuli ori cvladis funqcia: )()(),( ],(],( tIsItsf baba= . 

itos formulis gamoyenebiT advili dasanaxia, rom orjeradi 

stoqasturi integrali am funqciidan iqneba  

}],[],{[)()( 2
2 abba MMMMMMfI −−−= . 

aRvniSnoT 
2

1221 )(:),( xxxxF −=  da ),(: ba MMF=ξ . Tu ki ganvmartavT am 

funqcionalis stoqastur warmoebuls vineris SemTxvevis analogiurad 

(2) formulis mixedviT gveqneba:  

)()(2 ],( tIMMD baab
W
t −=ξ . 

 (3) ganmartebis Tanaxmad ki erTis mxriv, gvaqvs: 

)()(2)()(2)),((2)( ],(
0

],(],(12 tIMMtIdMsItfIfID baab

T

baSba
M
t −=⋅=⋅= ∫ , 

xolo meores mxriv, stoqasturi operatoris wrfivobis Tanaxmad: 

}],[],{[)()( 2
2 ab

M
tab

M
t

M
t MMMMDMMDfID −−−= . 

ukanaskneli sami Tanafardobidan Cans, rom stoqasturi 

warmoebulis ori ganmarteba erTi da igive iqneba, maSin da mxolod 

maSin roca   

0}],[],{[ =− ab
M
t MMMMD ],0[ Tt ∈∀ , 

rac tolfasia imisa, rom ab MMMM ],[],[ −  mudmivia. 

Ma, Protter da Martin-is am magaliTze dayrdnobiT Cven gamovTvaleT 
2
TM -is stoqasturi warmoebuli da aRmoCnda, rom igi tolia 

122 += TT
w
t MMD , gansxvavebiT vineris SemTxvevisgan, sadac TT

W
t wwD 22 = . 

pirveli xarisxis stoqasturi warmoebulebi orive SemTxvevaSi erTis 
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tolia. e.i. gansxvaveba Tavs iCens ukve kvadratuli funqciis 

warmoebulTan. rac Seexeba maRali xarisxebis stoqastur warmoebulebs, 

vineris SemTxvevaSi saqme martivadaa, kerZod, 
1}{ −= n

T
n
T

W
t nwwD , maSin roca 

normaluri martingalebis SemTxvevaSi maTi cxadi saxis dadgena ar 

xerxdeba (3) ganmartebidan. 

naSromis meore TavSi semimartingalebisaTvis itos araan-

tisipatiuri aRricxvis CarCoebSi agebulia  cxadi gamosaxulebebi 

stoqasturi integralis integrandisaTvis martingaluri warmodgenis 

TeoremaSi sxvadasxva  funqcionalebisaTvis kompensirebuli puasonis 

procesidan da moyvanilia  formula, romelic saSualebas iZleva 

maTTvis stoqasturi warmoebulis Wvretadi proeqciebs cxadi saxiT 

agebis. ganxilulia xarisxovani, polinomialuri, kvadratiT integrebadi 

da sxva tipis funqcionalebi. maTTvis gamoyvanilia okone-hausman-klarkis 

tipis warmodgenebi, sadac integrandi cxadi saxiT moicema. SemoRebulia 

kompensirebuli puasonis procesis funqcionalebis sakmaod farTo klasi 

α,1,2W  da am klasis funqcionalebisaTvis ganzogadoebulia okone-hausman-

klarkis formula. ganixileba rogorc erTganzomilebiani, ise 

mravalganzomilebiani SemTxvevebi.  
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T a v i   p i r v e l i 
 

$ 1 

damxmare debulebebi 
 

 
moviyvanoT vineris procesis ramodenime Tviseba, romelic qvemoT 

gamoyenebuli iqneba am Tavis sxvadasxva Teoremis damtkicebisas. 

  vTqvaT ))(,,,( 0 ∞≤≤ℑΡℑΩ tt  standartuli albaTuri sivrcea, xolo tw -

masze gansazRvruli standartuli vineris procesia. maSin misTvis 

samarTliania Semdegi lema: 

lema 1.1.     
⎩
⎨
⎧

−=
=−

=
,12,0
;2,!)!12(

][
kn

kntk
wE

k
n
t     ( Nk ∈ ) 

sadac !)!12( −k -iT aRniSnulia 1 dan (2 1)k − -is CaTvliT yvela kenti 

ricxvis namravli. yvelgan qvemoT vigulisxmebT, rom 0!)!2( =k , Nk ∈ . 

 damtkiceba:  visargebloT maTematikuri induqciis meTodiT. 1=k -

Tvis lema samarTliania vinaidan ),0(~ tNwt  da Sesabamisad 0=tEw  da 

tDwt = . Tu 12 += kn , maSin 
12 +kx  kenti funqciaa, t

x

w e
t

xf
t

2

2

2
1)(

−
=

π
_ luwi 

funqciaa da Sesabamisad 0
2
1 21212

2

== ∫
∞

∞−

−++ dxex
t

Ew t
x

kk
t π

 rogorc kenti funq-

ciidan integrali koordinatTa saTavis mimarT simetriul sazRvrebSi. 

davuSvaT k m= -sTvis lema samarTliania, anu 
2[ ] (2 1)!!m m
tE w m t= − . davam-

tkicoT lemis samarlianoba   1k m= +  SemTxvevisTvis. gvaqvs: 
2 2 2

2( 1) 2( 1) 2 12 21[ ] ( )
22 2

x x
m m mt t

t
t xE w x e dx x e d

tt tπ π

+∞ +∞
− −+ + +

−∞ −∞

−
= = −∫ ∫ . 

amitom nawilobiTi integrebis formulis gamoyenebiT miviRebT: 
2 2

2( 1) 22 2(2 1) (2 1)[ ]
2 2

x x
m pt t

t
t m t mE w e x e dx

t tπ π

+∞
− −+

−∞

+∞− + +
= + =

−∞ ∫  

saidanac daSvebis Tanaxmad sabolood vRebulobT, rom 
2( 1) 2[ ] (2 1) ( ) (2 1)(2 1)!!m p p
t tE w t m E w t m m t+ = + = + − =  

1(2 1)!! (2 1)!!m mt m t m t += + = +  

 Sesabamisad, maTematikuri induqciis principis gamoyenebiT lemis 

damtkiceba dasrulebulia.   �   
 

 davuSvaT, rom ))(,,,( 0 ∞≤≤ℑΡℑΩ tt  standartuli albaTuri sivrcea, tw  

ki masze gansazRvruli standartuli vineris procesia. 0( )w
t t≥ℑ  iyos tw  

vineris procesiT gakeTebuli, P  zomis mimarT gasrulebuli, σ -algebr-

aTa ojaxi },{ tsws
w
t ≤=ℑ σ .  

Teorema 1.1.   nebismieri t -sa da s -saTvis, t s≥ , da nebismieri n -
saTvis, 2n ≥ , (P -T.y.) adgili aqvs  Semdeg warmodgenas: 
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                       ∑
=

−−=ℑ
n

i

in
s

ii
n

w
s

n
t wstiCwE

0

)2/()(!!][ ,                 (1.1) 

sadac vgulisxmobT, rom ( 1)!!: 1− =  da 0!!: 0= . 

 

 damtkiceba: Tu gamoviyenebT 1.1 lemis mtkicebulebebsa da niutonis 

binomis formulas, agreTve visargeblebT vineris procesis staciona-

lurobis TvisebiT, pirobiTi maTematikuri lodinis cnobili Tvisebebis 

safuZvelze, advilad davrwmundebiT Teoremis samarTlianobaSi. marT-

lac, gvaqvs: 

[ ] [( ) ]n w n w
t s t s s sE w E w w wℑ = − + ℑ = 

0 0
[ ( ) ] [( ) ]

n n
i i n i w i n i i w
n t s s s n s t s s

i i
E C w w w C w E w w− −

= =

= − ℑ = − ℑ =∑ ∑  

( / 2)

0 0

( ) ( 1)!!( )
n n

i n i i i i n i
n s t s n s

i i

C w E w w C i t s w− −

= =

= − = − −∑ ∑ .   �  

 1.1 Teoremis sailustraciod SegviZlia moviyvanoT Semdegi magali-

Ti. 

stwwE s
w
st −+=ℑ 22 ][ . 

 

 moviyvanoT agreTve ramodenime faqti funqcionaluri analizis kur-

sidan 

 lema 1.2. davuSvaT, rom rogorc )(xf  aseve )(xxf  absoluturad 

integrebadi funqciebia. maSin [ ]fFg =  diferencirebadia da  

                           [ ])()(' xixfFg −=λ  

sadac [ ]fF -iT aRniSnulia f  funqciis furies gardaqmna. 
 

 damtkiceba: marTlac, Tu movaxdenT  

∫
+∞

∞−

− dxexf xiλ)(  

integralis (romelic gansazRvravs g -s λ -s meSveobiT) diferencirebas, 

Cven miviRebT integrals: 

∫
+∞

∞−

−− dxexxfi xiλ)( , 

romelic ( )(xxf -is integrebadobis pirobidan gamomdinare) Tanabrad kre-

badia λ -Ti. Sesabamisad arsebobs g -s warmoebuli da lema damtki-

cebulia. �  
 

Teorema 1.2.  Tu raime zomadi f  funqcia  TiTqmis yvelgan ),( ba  in-

tervalze, sadac +∞≤<≤∞− ba , gansxvavebulia nulisagan da akmay-

ofilebs pirobas 
xCexf δ−≤)( , sadac 0>δ , maSin funqciaTa sistema 

{ } ,...)2,1,0()( =nxfxn
 srulia ),(2 baL -Si. 
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damtkiceba: davuSvaT, rom  { }
1

( )n

n
x f x

≥
 sistema ar aris sruli. maSin 

xani-banaxis Teoremis ZaliT moiZebneba iseTi aranulovani ),(2 +∞−∞∈ Lh  

funqcia, rom:  

∫
+∞

∞−

== ...,2,1,0,0)()( ndxxhxfxn
 

(aq Cven gamoviyeneT Teorema hilbertis sivrceSi uwyveti wrfivi 

funqcionalebis zogadi saxis Sesaxeb; kompleqsuri ),(2 baL  sivrcis 

SemTxvevaSi )(xh -is nacvlad unda aviRoT misi SeuRlebuli ( )h x ). cxadia, 

rom ),(1 baLfh∈  da ufro metic ),(1
1 baLfhe x ∈δ

 nebismeri 1δ  mudmivisaTvis, 

δδ <1 . SemdgomSi mosaxerxebelia CavTvaloT, rom )(xf  da )(xh  funqciebi 

ganmartebulia mTels wrfeze (winaaRmdeg SemTxvevaSi gavagrZeloT isini 

),( ba -s gareT: CavTvaloT, rom 0)()( == xhxf , Tu ( , )x a b∉ ). vTqvaT, g  funq-

cia aris fh  funqciis furies gardaqmna, anu 

∫
+∞

∞−

−= dxexhxfg xiλλ )()()( . 

zemoT Tqmulidan gamomdinareobs, rom g  funqcia gagrZeldeba, 

rogorc analizuri funqcia δζ <Im  zolSi. meores mxriv, lema1.2-is 

gamoyenebiT, am funqciis yvela warmoebuli xdeba nuli, roca 0=λ . ase 

rom 0)( ≡λg . erTaderTobis Tvisebis gamoyenebiT vRebulobT, rom 

0)()( =xhxf  TiTqmis yvelgan. radganac )(xf  gansxvavebulia nulisgan T.y., 

Sesabamisad 0)( =xh  T.y.. magram es ewinaaRndegeba Cvens daSvebas imis 

Sesaxeb, rom h  aranulovani funqciaa. es winaaRmdegoba amtkicebs 

{ }
1

( )n

n
x f x

≥
 sistemis sisrules.  �  

 

 naSromSi agreTve dagvWirdeba ganzogadebul funqciebi da ganzoga-

debuli warmoebulebi. 

 davuSvaT, rom f  fiqsirebuli funqciaa ricxviT RerZze, romelic 

integrebadia yovel sasrul intervalze da vTqvaT ϕ  uwyveti funqciaa, 

romelic xdeba nuli raime sasruli intervalis gareT (aseT funqciebs 

uwodeben finitur funqciebs). yovel aseT ϕ  funqcias fiqsirebuli f  
funqciis saSualebiT SesaZlebelia SevusabamoT ricxvi 

                            ∫
∞

∞−

= dxxxff )()(),( ϕϕ                       (1.2) 

 sxva sityvebiT rom vTqvaT. f  SesaZlebelia ganvixiloT, rogorc 

wrfivi funqcionali finituri funqciebis garkveul sivrceze. Tumca (1.2) 

tipis funqcionalebiT ar amoiwureba yvela funqcionali, romelic 

SesaZlebelia SemoviRoT am sivrceSi. magaliTad, Tu yovel ϕ  funqcias 

SevusabamebT mis mniSvnelobas nulSi, Cven miviRebT wrfiv funqcionals, 

romelic ar warmoidgineba (1.2) saxiT.  

 aRvniSnoT K  simboloTi yvela im finituri ϕ  funqciebis erTob-

lioba ricxviT RerZze, romelTac gaaCniaT yvela rigis uwyveti 

warmoebulebi. funqciebi K  simravlidan warmoqmnian wrfiv sivrces 
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(funqciebis Sekrebisa da ricxvze gamravlebis Cveulebrivi operaciebis 

mimarT). 

 }{ nϕ  elementebis mimdevrobas K -dan ewodeba krebadi ϕ  funqciisa-

ken, Kϕ∈ , Tu: 

1) arsebobs intervali romlis gareTac yvela nϕ  udris nuls. 

2) warmoebulebis mimdevroba 
( )

1{ }k
n nϕ ≥  Tanabrad krebadia am intervalze 

)(kϕ  funqciisaken ( ...,2,1,0=k ). 

K  wrfiv sivrces, zemoT ganmartebuli krebadobiT, uwodeben ZiriTad 

sivrces, xolo mis elementebs ZiriTad funqciebs. 

 

ganmarteba: ganzogadebuli funqcia (gansazRruli ricxviT RerZze) 

ewodeba ZiriTad K  sivrceze gansazRrul nebismier )(ϕT  uwyvet 

funqcionals. amasTanave, uwyvetobis qveS igulisxmeba, rom )()( ϕϕ TT n → , 

rodesac nϕ  mimdevroba krebadia ϕ  funqciisaken ZiriTad K  sivrceSi. 

SevniSnavT, rom yoveli, nebismier sasrul intervalze integrebadi, 

)(xf  funqcia warmoqmnis ganzogadebul funqcias. marTlac, warmodgena 

                            ∫
∞

∞−

= dxxxfT f )()()( ϕϕ                    (1.3) 

aris uwyveti funqcionali K  sivrceze. aseTi tipis ganzogadebul funq-

ciebs uwodeben regularulebs, xolo imaT vinc ver warmodgeba (1.3) 

saxiT ewodebaT singularulebi. 

 singularuli ganzogadebuli funqciis erT-erTi magaliTia dirakis 

δ  funqcia: 

)0()( ϕϕ =T . 

es aris uwyveti wrfivi funqcionali K -ze, anu zemoT SemoRebuli 

terminologiis Tanaxmad aris ganzogadebuli funqcia. am funqcionals 

rogorc wesi weren Semdegi saxiT: 

∫
∞

∞−

dxxx )()( ϕδ , 

sadac )(xδ  ,,funqcia’’ udris nuls yvela 0≠x  wertilSi da aris 

usasruloba 0=x  wertilSi ise, rom 

1)( =∫
∞

∞−

dxxδ . 

 ganzogadebuli funqciebisTvis gansazRvrulia Sekrebis da ricxvze 

gamravlebis operaciebi. SevniSnavT, rom regularuli (,,Cveulebrivi’’ 

funqciebi RerZze) funqciebisaTvis Sekrebis operacia gansazRvruli 

rogorc ganzogadebuli funqciebisaTvis emTxveva Cveulebrivi Sekrebis 

operacias. igive SeiZleba iTqvas ricxvze gamravlebis operaciaze. 

 SemoviRoT ganzogadebuli funqcionalebisaTvis zRvarze gadasvlis 

operacia. vityviT, rom ganzogadebul funqciaTa mimdevroba 1{ }n nf ≥ kreba-

dia f  funqciisaken, Tu nebismieri ϕ  funqciisaTvis, K∈ϕ , sruldeba: 

                            ),(),( ϕϕ ff n → , roca n →∞ . 

sxva sityvebiT, rom vTqvaT,  ganzogadebuli funqciebis krebadoba 

ganimarteba rogorc mis krebadoba K  sivrcis TiToeul elementze. 
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ganzogadebul funqciaTa sivrces aseTi krebadobiT aRvniSnaven 
*K  sim-

boloTi. 

 Tu α  usasrulod diferencirebadi funqciaa, maSin bunebrivad gani-

marteba α -s namravli ganzogadebul f  funqciaze Semdegi formuliT: 

),(),( αϕϕα ff =  

(marjvniv mdgom gamosaxulebas aqvs azri radganac K∈αϕ ). yvela es 

operacia: Sekreba, ricxvze namravli da usasrulod diferencirebad fun-

qciaze namravli uwyvetia. 

 SevniSnoT, rom SeuZlebelia ganimartos ori ganzogadebuli funqc-

iis namravlis operacia, Tu moviTxovT, rom igi iyos uwyveti da regula-

ruli funqciebisaTvis daemTxves Cveulebrivi gamravlebis operacias. 

 ganvmartoT axla ganzogadebuli funqciebisaTvis diferencirebis 

operacia da ganvixiloT misi Tvisebebi. 

 davuSvaT, rom T  aris funqcionali K  sivrceze, romelic warmoqm-

nilia uwyvetad diferencirebadi f  funqciiT: 

∫
∞

∞−

= dxxxfT )()()( ϕϕ . 

misi warmoebuli bunebrivia davarqvaT funqcionals 
x
T
∂
∂

, romelic moice-

ma formuliT: 

∫
∞

∞−

=
∂
∂ dxxxf

x
T )()(')( ϕϕ . 

nawilobiTi integrebis firmuliT, Tu gaviTvaliswinebT, rom ϕ  fu-

nqcia nuli xdeba garkveuli sasruli intervalis gareT, miviRebT: 

∫∫
∞

∞−

∞

∞−

−==
∂
∂ dxxxfdxxxf

x
T )(')()()(')( ϕϕϕ . 

ganmarteba: ganzogadebuli T  funqciis warmoebuli 
x
T
∂
∂

 ewodeba fu-

nqcionals, romelic ganisazRvreba formuliT: 

)'()( ϕϕ T
x
T

−=
∂
∂

. 

zemoT aRniSnuli ganmartebidan gamomdinareobs Semdegi debuleb-

ebis samarTlianoba: 

1) nebismier ganzogadebul funqcias gaaCnia nebismieri rigis warmoeb-

uli. 

2) Tu ganzogadebuli funqciebis mimdevroba 1{ }n nf ≥  krebadia f  
ganzogadebuli funqciisken (ganzogadebuli funqciebis krebadobis 

ganmartebis azriT), maSin warmoebulebis mimdevroba }'{ nf  krebadia 

zRvruli funqciis 'f  warmoebulisaken. analogiuri debuleba samarTli-

ania nebismieri rigis warmoebulisaTvis. 

ganvixiloT hevisaidis funqcia: 

1, 0;
( )

0, 0.
x

f x
x
>⎧

= ⎨ ≤⎩

roca

roca
 

es funqcia warmoqmnis wrfiv funqcionals: 
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∫
∞

=
0

)(),( dxxf ϕϕ . 

ganzogadebuli funqciebisaTvis warmoebulis ganmartebis Tanaxmad 

(imis gaTvaliswinebiT, rom ϕ  xdeba 0  usasrulobaSi), gvaqvs: 

)0()(')',(),'(
0

ϕϕϕϕ =−=−= ∫
∞

dxxff . 

 ase, rom hevisaidis funqciis warmoebuli emTxveva dirakis δ  funqc-

ias. 

zemoT Tqmulidan aseve gamomdinareobs, rom Tu f  regularuli 

funqciaa, romelsac aqvs warmoebuli da uwyvetia (an uban-uban uwyvetia), 

maSin misi warmoebuli rogorc ganzogadebuli funqciis warmoebuli 

emTxveva Cveulebrivi azriT warmoebuls. 

vTqvaT ρ -arauaryofiTi funqciaa ( )dC R∞
 sivrcidan, romelic xdeba 

nuli erTeulovani wris gareT da akmayofilebs  pirobas  

                                1)( =∫
dR

dxxρ .                      (1.4) 

aseT funqcias uwodeben gamagluvebel funqcias. aseTi funqciis tipiuri 

warmomadgenelia: 

2

1exp , | | 1;
( ) | | 1

0, | | 1.

d
d

d

c x
x x

x
ρ

⎧ ⎛ ⎞
⋅ ≤⎪ ⎜ ⎟= −⎨ ⎝ ⎠

⎪ >⎩

roca

roca

 

sadac koeficienti c  gamoiTvleba (1.4) pirobidan. ρ  funqciis grafiks 

aqvs zarismagvari forma.  

nebismieri )(Ω∈ pLf  funqciisaTvis da 0>ε  ricxvisaTvis ganvmar-

toT: 

,
| | 1

( ) ( ) ( ) ( )
d

d

d

zR

x yf x f y dy z f x z dzρ ε ε ρ ρ ε
ε

−

≤

−⎛ ⎞= = +⎜ ⎟
⎝ ⎠∫ ∫ . 

 cxadia miRebuli funqcia aris usasrulod warmoebadi da roca 

0→ε , maSin funqcia 
d x yy ε ρ

ε
− −⎛ ⎞

⎜ ⎟
⎝ ⎠

a  miiswrafivs dirakis delta funqcii-

saken x  wertilSi. aRsaniSnavia aseve, rom roca 0→ε , maSin ,f fρ ε →  ami-

tom f  funqciis ganzogadebul warmoebulad SegviZlia CavTvaloT ,fρ ε  

funqciebis warmoebulebis zRvari, romelic im SemTxvevaSi roca f -s ga-
aCnia Cveulebrivi waermoebuli daemTxveva mas. 

 

 ganmarteba:  namdvil ® )( dRΒ -zomad funqciaTa sivrces, romlebic 

TavianT m  rigamde ganzogadebul warmoebulebTan erTad ekuTvnian pL  

sivrces, ewodeba sobolevis sivrce da aRiniSneba 
m
pW  simboloTi 

( 0,1 ≥> mp ). 

 

 Teorema 1.3. (ix. sobolevi 1950) sobolevis sivrce 
m
pW  aRWurvili 

normiT  
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1/

,
: ( )

d

p
p

m p
m R

f f x dxγ
γ ≤

⎛ ⎞
= ⎜ ⎟⎜ ⎟
⎝ ⎠
∑ ∫  

warmoadgens separabelur banaxis sivrces (aq ),...,,( 21 dγγγγ =  aris multi-

indeqsi (TiToeuli {0}i Nγ ∈ ∪ ), 
1 2

1 2
1 2 1 2

1 2
( , ,..., ) : ( , ,..., )

( ) ( ) ( )

d

d
n n

d
f x x x f x x x

x x x

γ γ γ

γ γ γ γ

+ +⋅⋅⋅+∂
=
∂ ∂ ⋅⋅⋅∂

). 

 roca 2p = , es sivrce warmoadgens hilbertis sivrces 2,(.,.)m  skala-

ruli namravlis mimarT, romelic warmoiqmneba 
2,

.
m

 normiT. 

 vigulisxmoT rom r  da p  namdvili, mkacrad dadebiTi sakmarisad 

gluvi funqciebia. 

 

 ganmarteba (ix. furTuxia 1984) aRvniSnoT 
ρ,,rm

pW  simboloTi namdvi-

li )( dRΒ -zomad funqciaTa sivrce, romelTac gaaCniaT m  rigamde (CaTv-

liT) ganzogadebuli warmoebuli sasruli normiT: 

              

1/

1, , ,

!
: ( ) ( ) ( )

! !d

p
p

mdm p r
mR

f C r x x f x dxγ γ
γρ

γ

γ
ρ

γ γ≤

⎛ ⎞
= ⎜ ⎟⎜ ⎟⋅⋅⋅⎝ ⎠

∑∫ ,         (1.5) 

sadac 
1 2| | dγ γ γ γ= + + ⋅⋅⋅ + , roca ),...,,( 21 dγγγγ = . 

 

 Teorema 1.4. (ix. furTuxia 1984). woniani sobolevis sivrce 
ρ,,rm

pW , 

aRWurvili (1.5) normiT, warmoadgens separabelur banaxis sivrces. roca 

2=ρ , es sivrce warmoadgens hilbertis sivrces ρ,,2,(.,.) rm  skalaruli nam-

ravlis mimarT, romelic warmoqmnilia 
ρ,,2,

.
rm

 normiT. 

 

moviyvanoT agreTve funqciis gagluvebis sobolevis meTodi. Semovi-

RoT aRniSvna 
2 2 21

2

exp{ ( 1) }, 1;
( ) :

0, , 1.
d d d

d

x x x
x

x
ζ

−⎧ − ≤⎪= ⎨
>⎪⎩

roca

roca
 

Tu f  lokalurad integrebadi funqciaa 
dR -ze, maSin misi e.w. sobo-

levis saSualo ganimarteba Semdegnairad: 

| | 1

( ) : ( ) ( ) ( )
d

d

d

yR

y xT f x f y dy y f x y dyε ε κ ζ κ ζ ε
ε

−

≤

−⎛ ⎞= = +⎜ ⎟
⎝ ⎠∫ ∫ , 

sadac 

1

: ( )
dR

x dxκ ζ
−

⎛ ⎞
= ⎜ ⎟⎜ ⎟
⎝ ⎠
∫ . 

ase ganmartebul fTε  funqcias gaaCnia nebismieri rigis warmoebuli. 

 

 Teorema 1.5. (ix. nikolski 1969, punqti 1.4; 4.5) 

a) εT  wrfivi SemosazRvruli operatoria 
m
pW  sobolevis sivrceSi; 

b) Tu 
m
pWf ∈ , maSin ;0lim

,0
=−

→ pm
ffTεε
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g) Tu 
m
pWf ∈ , maSin γεγε fTfT =)(  nebismieri iseTi γ  multiindeqsisaTvis, 

romlisTvisac m≤γ , amasTanave 
pmpm

ffT
,,

≤ε  (aq γg  aRniSnavs g  funq-

ciis γ  rigis ganzogadebul warmoebuls). 

 

 Teorema 1.6. Tu 2, /Tf L α∈ ,
10
2

α< <  (ix. $ 1.3), maSin moiZebneba iseTi mu-

dmivi c , rom adgili aqvs Sefasebas : 
2

/,2

2

,2 αε TL
fcfT

T
⋅≤ . 

damtkiceba: gadmocemis simartivis mizniT ganvixiloT erTganzomi-

lebiani SemTxveva ( 1d = ). Tu visargeblebT helderis utolobiTa da ele-

mentaluri utolobiT: 
2 2 2( ) 2 2a b a b+ ≤ + , advilad davrwmundebiT, rom: 

              

2

2,

21
2 2 2

1

( ) ( ) ( )
T

x
T

L
T f f x y y dy e dxε κ ε ζ

∞
−

−∞ −

⎛ ⎞
⋅ = + ≤⎜ ⎟

⎝ ⎠
∫ ∫  

                

21 1
2 2 2 2

1 1

( ) ( )
x
Tf x y dy y dy e dxκ ε ζ

∞
−

−∞ − −

≤ + ⋅ ⋅ =∫ ∫ ∫  

          

2 2 21 1 ( ) ( )
2 2 2 2 / 2 / 2

1 1

( ) ( )
x y x y x

T T Ty dy f x y e e dy e dx
ε ε
α ακ ζ ε

∞ + +
− −

− −∞ −

⎛ ⎞
= ⋅ + ≤⎜ ⎟⎜ ⎟

⎝ ⎠
∫ ∫ ∫  

         

2 2 2 2 21 1 ( ) 2 2
2 2 2 2 / 2 / 2 / 2

1 1

( ) ( )
x y x y x

T T T Ty dy f x y e e dy e dx
ε ε
α α ακ ζ ε

∞ +
− + −

− −∞ −

⎛ ⎞
≤ ⋅ + ≤⎜ ⎟⎜ ⎟

⎝ ⎠
∫ ∫ ∫  

           

2 2 2 21 1 ( )
2 2 2 2 / 2

1 1

( ) ( )
x y x x

T T T Ty dy f x y e dy e e e dx
ε αε α
ακ ζ ε

∞ +
− −

− −∞ −

⎛ ⎞
≤ + ≤⎜ ⎟⎜ ⎟

⎝ ⎠
∫ ∫ ∫  

           

22 21 ( ) (1 2 )
2 2 2 2 / 2

1

( ) ( )
x y x

TT Te y dy f x y e dy e dx
εαε α
ακ ζ ε

∞ ∞ + −− −

− −∞ −∞

⎛ ⎞
≤ + =⎜ ⎟⎜ ⎟

⎝ ⎠
∫ ∫ ∫  

             

2 21 (1 2 )
2 22 2 2
2, / 2, /

1

( )
x

T T
T T

e y dy e dx f c f
αε α

α α
κ ζ

∞ −
−

− −∞

= ⋅ ⋅ = ⋅∫ ∫ .  �  

SeniSvna: analogiurad Semowmdeba, rom Tu )
2
10(/,2 <<∈∂ ααTLf , maSin 

moiZebneba iseTi mudmivi c , rom adgili aqvs Sefasebas: 

                                                
2, 2, /T T

T f c fε α
∂ ≤ ⋅ ∂ . 
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$ 2 

erTi cvladis vineris polinomialuri 

funqcionalebis stoqasturi integraluri 

warmodgena 

 

 
ganvixiloT )( Twf=ξ  tipis SemTxveviTi sidide, sadac tw  aris vineris 

procesi. SevecadoT misTvis davadginoT klarkis martingalur 

warmodgenaSi  

                           ∫+=
T

tdwtE
0

),( ωϕξξ  

monawile stoqasturi integralis integrandi cxadi saxiT. f  funqcia Se-
iZleba iyos sxvadasxva saxis. sadisertacio naSromSi ganxilulia ramod-

enime  SemTxveva: 

1. f  aris xarisxovani funqcia; 
2. f  aris polinomialuri funqcia; 

3. f -s gaaCnia pirveli rigis Cveulebrivi warmoebuli; 

4. f -s gaania pirveli rigis ganzogadebuli warmoebuli. 

 

yvelgan qvemoT vigulisxmoT, rom tw  aris ),,( PℑΩ  standartul alba-

Tur sivrceze gansazRvruli standartuli vineris procesi da 
w
tℑ  aris 

tw  procesis Sesabamisi σ -algebraTa nakadi.  

Teorema 2.1.  Tu f  aris xarisxovani funqcia, nxxf =)(  (anu, 
n
TT wwf =)( ),  

maSin )( Twf  SemTxveviTi sidide warmoidgineba Semdegi saxiT: 

          
'

(0, ]

( ) [ ( )] {[ ( )] }w
T T T x t t

T

f w E f w E f w dw= + ℑ∫         (P-T.y.),     (2.1) 

sadac 
' 1[ ( )] : n

T x Tf w nw −=  

 

damtkiceba:  ganvixiloT cal-calke luwi da kenti xarisxis 

SemTxvevebi. jer davamtkicoT kn 2=  SemTxvevisTvis. TvalsaCinoebisaTvis 

winaswar ganvixiloT 2=n -is SemTxveva, anu gvaqvs 
2
Tw=ξ  SemTxveviTi si-

dide. 

gamovTvaloT am SemTxveviTi sididis pirobiTi maTematikuri lodini 
w
tℑ  σ -algebris mimarT, )(: 2 w

tTt wEX ℑ=  ( t T≤ ). am mizniT Tw -s daumatoT da 

gamovakloT tw  da visargebloT pirobiTi maTematikuri lodinis wrfi-

vobiT. gvaqvs: 

=ℑ+−=ℑ= ])[()(: 22 w
tttT

w
tTt wwwEwEX  

][])[(2])[( 22 w
tt

w
tttT

w
ttT wEwwwEwwE ℑ+ℑ−+ℑ−= , 

saidanac vineris procesis nazrdebis warsulisagan damoukideblobis da  

stacionalurobis Tvisebis gamoyenebiT, pirobiTi maTematikuri lodini 

cnobili Tvisebebis safuZvelze, SegviZlia davweroT, rom 
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2222 )()(2)( ttTttTttTt wwEwwwEwwwEX +=+−+−= − . 

1.1 lemis Tanaxmad tTEw tT −=−
2

. amitom gvaqvs: 

2
tt wtTX +−=  

davweroT itos formula tX  SemTxveviTi procesisaTvis. maSin gveq-

neba Tanafardoba: 

ttttt dwwdtdwwdtdX 22 =++−= . 

 gadavweroT es diferencialuri toloba integraluri saxiT: 

                              ∫+=
T

tT dXXX
0

0 .  

Tuki axla ukanasknel TanafardobaSi gaviTvaliswinebT, rom  
22 ][ T

w
TTT wwEX =ℑ=  da 

2
0

2
0 ][ T

w
T EwwEX =ℑ= , 

2
Tw=ξ  SemTxveviTi sididisaTvis miviRebT dasamtkicebel warmodgenas: 

∫+=
T

ttTT dwwEww
0

22 2 , 

anu 2=n -Tvis miviReT dasamtkicebeli warmodgena. 

axla ganvixiloT zogadi SemTxveva. gamoviyvanoT warmodgena 
k

TT wwf 2)( =  )1( ≠k  SemTxvevisTvis. debulebis damtkicebis gza analogiu-

ria 2=n  SemTxvevis. niutonis binomis formulisa da (1.1) tolobebis 

gaTvaliswinebiT gvaqvs: 

=ℑ+−=ℑ= ])[(][: 22 w
t

k
ttT

w
t

k
Tt wwwEwEX  

0 2 1 2 1
2 2[( ) ] [( ) ]k w k w

k T t t k T t t tC E w w C E w w w−= − ℑ + − ℑ +  

2 2 2 2 2 1 2 1
2 2[( ) ] ... [( ) ]k w k k w

k T t t t k T t t tC E w w w C E w w w− − −+ − ℑ + + − ℑ +  

2
2 2 2
2 2

0
[ ] [( ) ]

k
k k w i k i i w
k t t k T t t t

i
C E w C E w w w−

=

+ ℑ = − ℑ∑ , 

saidanac vineris procesisa da pirobiTi maTematikuri lodinis cnobili 

Tvisebebis gamoyenebiT SegviZlia davweroT, rom: 
0 2 1 2 1
2 2[( ) ] [ ]k k

t k T t k T t tX C E w w C E w w w−= − + − +  
2

2 2 2 2 2 2 2
2 2 2

0
[( ) ] ... [( ) ]

k
k k k i i k i

k T t t k t k t T t
i

C E w w w C w C w E w w− −

=

+ − + + = −∑ . 

1.1 lemis gamoyenebiT ukanaskneli jamis yoveli meore wevri nulis 

tolia, xolo darCenili wevrebi Semdegnairad gadaiwereba.   
0 2 1 2
2 2(2 1)!!( ) (2 3)!!( )k k

t k k tX C k T t C k T t w−= − − + − − + ⋅⋅⋅ +                        
22

2 2 2 2 2 2
2 2

0
( ) (2 1)!!( )

k ik
k k k i i
k t t k t

i
C T S w w C w k i T t

−
− −

=

+ − + = − − −∑ . 

Tu axla gamoviyenebT itos formulas tX  SemTxveviTi procesisaT-

vis, advilad davrwmundebiT Semdegi Tanafardobis samarTlianobaSi:  
1 2 2 2

2(2 1)!!( )( ) (2 3)!![ ( 1)( )k k
t k tdX k k T t dt C k k T t w dt− −= − − − + − − − − +  

1 1 2 2 2( 1)
22( ) ( ) ] [k k k k

t t k tT t w dw T t dt C w dt− − − −+ − + − + ⋅⋅⋅+ − +  
2( 1) 1 2( 2)2( )( 1) ( )( 1)(2 3) ]k k
t t tT t k w dw T t k k w dt− − −+ − − + − − − +  

2( 1) 2 1(2 1) 2k k
t t tk k w dt kw dw− −+ − + =  
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22 1
2

2
0

2(2 1)!![ ( )
2

k ik
i i
k t

i

k iC k i w T t dt
−
−

=

−
= − − − − +∑  

])()1(
2
1)( 2

2
22

2
1 dttTwiidwtTwi

ik
i
tt

ik
i
t

−
−

−
− −−+−+ , 

sadac (2 1)!!: 1 3 (2 1)k k− = ⋅ ⋅⋅⋅ − ; 2 !!: 0k = ; ( 1)!!: 1− =  (kerZod, roca ukanasknel 

jamSi ajamvis indeqsi ki 2= , maSin (2 1)!! ( 1)!! 1k i− − = − = ). 

ukanasknel warmodgenaSi, kvadratuli frCxilebis SigniT, is 

Sesakrebebi, romlebSic monawileobs dt , erTmaneTs abaTilebs. amaSi 

dasarwmuneblad erTmaneTs SevadaroT kvadratuli frCxilebis SigniT 

pirveli da mesame Sesakrebebi, romelTac Seesabameba tw -s Sesabamisad, 

)22( −= pi -sa da pi 2= . Cven advilad davinaxavT, rom es wevrebi 

erTmaneTisagan mxolod niSniT gansxvavdebian. marTlac gvaqvs: 
2 2 2 12 2 2 2 2

2
2 2 2(2 2 1)!! ( )

2

k p
p p

k t
k pC k p w T t dt

− +
−− −− +

− − + − =  

2 2(2 )! (2 1)!!( 1) ( )
(2 2)!(2 2 2)!

p k p
t

k k p k p w T t dt
p k p

− −= − − + − + − =
− − +

 

(2 )! 2 (2 1)
(2 )!(2 2 )! (2 2 1)(2 2 2)

k p p
p k p k p k p

−
= − ⋅ ×

− − + − −
 

2 2 ( )(2 1)!! ( 1) ( )p k p
tk p k p w T t dt− −× − + ⋅ − + − =  

                
2 2 2
2

1(2 2 1)!! 2 ( 1) ( )
2

p p k p
k tC k p p p w T t dt− −= − − − ⋅ ⋅ − − .    

Sesabamisad, aRniSnuli wevrebi erTmaneTs gaabaTilebs da sabolo-

od gvrCeba, rom: 
2 1
22 (2 3)!!( )k

t k t tdX C k T t w dw−= − − +  

4 2 3
24 (2 5)!!( )k

k t tC k T t w dw−+ − − + ⋅⋅⋅+  

=+−−+ −−−
t

k
tt

k
t

k
k dwkwdwwktTC 123222

2 2)1)((2  

+−−+−−= −− 324
2

12
2 )(!)!52(4)(!)!32(2[ t

k
kt

k
k wtTkCwtTkC  

2 2 2 3 2 2 1
2 22 ( )( 1) 2 ]k k k k

k t k t tC T t k w kC w dw− − −+ ⋅⋅⋅ + − − + . 

 Tu axla visargeblebT TanafardobebiT: 

            =
+−
+−

⋅
−−

−
=−−

122
!)!122(

)!22()!12(2
)!12(22!)!122(2 2

2 jk
jk

jkjj
kkjjkjC j

k  

                 
2 1
2 12 (2 2 1)!! , 1,2,..., 1j

kkC k j j k−
−= − + = −  

(magaliTad, 
2 2 2 3
2 2 1

(2 )!(2 2) (2 2) 2
(2 2)!2!

k k
k k

kk C k kC
k

− −
−− = − =

−
), 

maSin wina toloba Semdegnairad gadaiwereba: 
1 1
2 1[2 (2 1)!!( )k

t k tdX kC k T t w−
−= − − + ⋅⋅⋅+  

2 3 2 3 2 1 2 1
2 1 2 12 ( ) 2 ]k k k k

k t k t tkC T t w kC w dw− − − −
− −+ − + . 

  ukanasknel tolobaSi kvadratul frCxilebs SigniT myofi gamosax-

uleba 1.1 Teoremis Tanaxmad warmoadgens ]2[ 12 w
t

k
TkwE ℑ−

 pirobiTi maTemati-

kuri lodinis gaSlas. Sesabamisad Cven vaskvniT, rom: 

t
w
t

k
Tt dwkwEdX ]2[ 12 ℑ= −

. 



 20

 miRebuli stoqasturi diferenciali SevitanoT TanafardobaSi  

∫+=
T

tT dXXX
0

0  

da gaviTvaliswinoT tolobebi:  
k

T
w
T

k
TT wwEX 22 ][ =ℑ=  da  

k
T

wk
T EwwEX 2

0
2

0 ][ =ℑ= , 

maSin miviRebT warmodgenas: 

                    
2 2 2 '

(0, ]

[ ] {[( ) ]}k k k w
T T T x t t

T

w E w E w dw= + ℑ∫ . 

amiT Teoremis damtkiceba kn 2=  SemTxvevisaTvis dasrulebulia. 

  

axla ganvixiloT 12 += kn  SemTxveva. Tw=ξ  SemTxveviTi sididisaT-

vis warmodgena trivialuria. ganvixiloT 
3
Tw=ξ  SemTxveviTi sidide. 

zemoT moyvanili msjelobis analogiurad gvaqvs:  
3 3: [ ] [( ) ]w w

t T t T t t tX E w E w w w= ℑ = − + ℑ =  
3 2[( ) ] 3 [( ) ]w w

T t t T t t tE w w E w w w= − ℑ + − ℑ +  

332 )(3][])[(3 tt
w
tt

w
tttT wwtTwEwwwE +−=ℑ+ℑ−+ . 

 gamoviyenoT itos formula tX  procesisaTvis: 

tttt dwwdwtTdX 23)(3 +−= . 

UTu am stoqastur diferencials SevitanT tolobaSi  

∫+=
T

tT dXXX
0

0 , 

visargeblebT igiveobebiT: 
33 ][ T

w
TTT wwEX =ℑ=  da  

3
0

3
0 ][ T

w
T EwwEX =ℑ= , maSin 

miviRebT, rom: 

t

T

tTT dwwtTEww ∫ +−+=
0

233 ])[(3  

rac 1.1 Teoremis gaTvaliswinebiT gvaZlevs sasurvel warmodgenas: 

3 3 3 '

0

[( ) ]
T

w
T T T x t tw Ew E w dw= + ℑ∫ . 

 gadavideT 
12)( += k

TT wwf  )1( ≠k  SemTxvevis ganxilvaze. damtkicebis 

gza analogiuria kn 2=  SemTxvevaSi Catarebuli damtkicebis gzis.  

ganvixiloTNSemTxveviTi procesi ][: 12 w
t

k
Tt wEX ℑ= +

. niutonis binomis 

formulis da (1.1) tolobebis gaTvaliswinebiT miviRebT: 

                   =ℑ+−=ℑ= ++ ])[(][: 1212 w
t

k
ttT

w
t

k
Tt wwwEwEX  

0 2 1 1 2
2 1 2 1[( ) ] [( ) ]k w k w

k T t t k T t t tC E w w C E w w w+
+ += − ℑ + − ℑ +  

2 2 1 2
2 1 [( ) ]k w

k T t t tC E w w w−
++ − ℑ + ⋅⋅⋅+  

                  
2 2 2 1 2 1
2 1 2 1[( ) ] [ ]k k w k k w

k T t t t k t tC E w w w C E w+ +
+ ++ − ℑ + ℑ . 

pirobiTi maTematikuri lodinis cnobili Tvisebebis safuZvelze, 1.1 

lemis Tanaxmad, ukanaskneli jamis yoveli meore Sesakrebi nulis tolia, 

xolo darCenili wevrebi Semdegnairad gadaiwereba. 
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1 3 1 3
2 1 2 1(2 1)!!( ) (2 3)!!( )k k

t k t k tX C k T t w C k T t w−
+ += − − + − − +  

2 1 2 1 2 1
2 1 ( )k k k

k t tC T t w w− − +
++ ⋅⋅⋅ + − + . 

aqedan itos formulis gamoviyenebiT advilad miviRebT, rom: 

+−−−= −
+ dtwtTkkCdX t

k
kt

11
12 ))((!)!12(  

+−−−−+ −
+ dtwtTkkC t

k
k

323
12 ))(1([!)!32(  

1 2 13( ) 3( ) ]k k
t t tT t w dw T t w dt− −+ − + − + ⋅⋅⋅ +  

+−−+−+ −−−
+ t

k
t

k
t

k
k dwwktTdtwC 221212

12 )12)(([  

2 32( )( 1)(2 1) ]k
tT t k k w dt−+ − − − +  

t
k

t
k

t dwwkdtwkk 212 )12()12(2 ++++ −
. 

iseve rogorc kn 2=  SemTxvevaSi, aqac advilad davrwmundebiT, rom 

yovel wevrs dt -Ti Seesabameba sawinaaRmdego niSniT aseTive wevri da is-

ini erTmaneTs gaabaTileben. Sesabamisad, sabolood vRebulobT, rom: 
3 1 2
2 1(2 3)!!3( )k

t k t tdX C k T t w dw−
+= − − + ⋅⋅⋅+  

2 1 2 2 2
2 1 ( )(2 1) (2 1)k k k

k t t t tC T t k w dw k w dw− −
++ − − + + = 

3 1 2
2 1[ (2 3)!!3( )k

k tC k T t w−
+= − − + ⋅⋅⋅+  

2 1 2 2 2
2 1 ( )(2 1) (2 1) ]k k k

k t t tC T t k w k w dw− −
++ − − + + . 

 1.1 Teoremis Tanaxmad, ukanasknel tolobaSi kvadratuli frCxileb-

is SigniT moTavsebuli gamosaxuleba warmoadgens ])12[( 2 w
t

k
TwkE ℑ+  pirobi-

Ti maTematikuri lodinis gaSlas, anu vaqvs: 

t
w
t

k
Tt dwwkEdX ])12[( 2 ℑ+= . 

 Tu axla ∫+=
T

tT dXXX
0

0  tolobaSi CavsvavT miRebul stoqastur di-

ferencials da gaviTvaliswinebT Tanafardobebs: 
1212 ][ ++ =ℑ= k

T
w
T

k
TT wwEX  da  

12
0

12
0 ][ ++ =ℑ= k

T
wk

T EwwEX , davinaxavT, rom adgili aqvs warmodgenas: 

                    
2 1 2 1 2 1 '

(0, ]

[ ] {[( ) ]}k k k w
T T T x t t

T

w E w E w dw+ + += + ℑ∫ . 

amiT Teoremis damtkiceba 12 += kn  SemTxvevisaTvisac dasrulebulia. 

Sesabamisad, sabolood damtkicda (2.1) warmodgenis samarTlianoba.  �  
 

Teorema 2.2.  nebismieri  polinomialuri )(xPn  funqciisTvis samarTl-

iania warmodgena: 

           ∫ ℑ+=
T

t
w
txTnTnTn dwwPEwPEwP

0

})]'({[)]([)(     (P-T.y.)      (2.2) 

sadac  [ ] [ ]' '( ) : ( )
Tn T n x Wx x

P w P x ==  

 

damtkiceba: debulebis samarTlianoba martivad gamomdinareobs 2.1 

Teoremidan, gawarmoebis operatoris, pirobiTi maTematikuri lodinisa 

da stoqasturi integralis wrfivobis Tvisebebis gaTvaliswinebiT.   �  
 

 



 22

$ 3 

erTi cvladis kvadratiT integrebadi vineris 

funqcionalebis stoqasturi integraluri 

warmodgena 
 

 
mas Semdeg rac davamtkicebulia martingaluri warmodgenis Teorema 

vineris polinomialuri funqcionalebisaTvis, SevamowmoT warmodgenis 

samarTlianoba ufro zogadi saxis funqcionalebisaTvis. 

SemoviRoT wonis funqcia T
x

eTx 2

2

:),(
−

=ρ   da aRvniSnoT )],(;[: 1
2,2 TxRLL T ρ=  

simboloTi zomad funqciaTa sivrce  
2,2

)(: Tgg
T

ρ=  sasruli normiT.  

P 

lema 1.1. L T,2 sivrce aris banaxis sivrce { ( , )}, 0,1, 2,...nx x T nρ = , bazi-

siT. 

damtkiceba:  gamoviyenod elementaluri utoloba 
2 2 1x x≥ − , maSin 

SegviZlia davweroT, rom  

           

2 2| | 1 | | 1
| |2 2 2( , ) :

x x x
xT T T Tx T e e e e ce δρ

−
− − − −= ≤ = ⋅ = . 

Sesabamisad pirvel paragrafSi damtkicebuli 1.2 Teoremis safuZve-

lze SegviZlia davaskvnaT rom lema samarTliania.  �  

SeniSvna: gasagebia, rom Tu 10 << α , maSin 
2

/,2

2

,2 αTT
⋅≤⋅  da Sesabami-

sad, )10(,2/,2 <<⊂ αα TT LL . 

gamomdinare 1.1 lemidan, L T,2  sivrcis elementebi warmoadgenen 

polinomTa mimdevrobebis Sewonil zRvrebs. rogorc zemoT vnaxeT (ix. 

Teorema 2.2), polinomebisaTvis adgili aqvs martingaluri warmodgenis 

Teoremebs. ismis kiTxva: iqneba Tu ara martingaluri warmodgenis Teore-

mebi samarTliani L T,2 sivrcis funqciebisTvis? 

 

Teorema 3.1. davuSvaT, rom  uwyvetad diferencirebadi )(1 RCf ∈  fu-

nqcia iseTia, rom  Tx Lf ,2'∈ , maSin (P-T.y.)  arsebobs integrali 
'

(0, ]

[ ( ) ]w
T x t t

T

E f w dwℑ∫ . 

 

damtkiceba: Teoremis dasamtkiceblad sakmarisia SevamowmoT, rom (ix. 

Липцер, Ширияев 1974, $ 4.2): 
2

(0, ]

{ [ ( ) ' ]}w
T x t

T

E E f w dtℑ < ∞∫  

marTlac, iensenis utolobebisa da fubinis Teoremis gamoyenebiT 

SegviZlia davweroT, rom: 
' 2 ' 2

(0, ] (0, ]

{ [ ( ) ]} {[ ( ) ] }w w
T x t T x t

T T

E E f w dt EE f w dtℑ ≤ ℑ ≤∫ ∫  
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2 2' 2
2, 2,

(0, ] (0, ]

[ ( ) ] ' 'T x T T
T T

E f w dt f dt T f≤ = ⋅ = ⋅ < ∞∫ ∫ . 

 

Teorema 3.2. davuSvaT, rom )(1 RCf ∈ TL ,2∩ , da raime α  ricxvisaTvis, 

10 <<α , α/,2' TLf ∈ , maSin samarTliania warmodgena: 

             ∫ ℑ+=
],0(

]')([)]([)(
T

t
w
txTTT dwwfEwfEwf        (P-T.y.)     (3.1) 

 

damtkiceba: Teoremis pirobebSi, radganac α/,2' TLf ∈ , moiZebneba polino-

mTa iseTi )(xQn  mimdevroba, rom adgili aqvs Tanafardobas: 

0)(')(lim
/,2
=−

∞→ αTLnn
xfxQ . 

ganvmartoT )(xQn  polinomebis saSualebiT axali )(xPn  polinomebi Se-

mdegi TanafardobebiT: 

∫+=
x

nn dyyQfxP
0

)()0(:)( , 1, 2,...n = . 

vaCvenoT, rom polinomTa axali mimdevrobisaTvis adgili aqvs krebad-

obas: 

0)()(lim
,2
=−

∞→ TLnn
xfxP . 

marTlac, Tu visargeblebT igiveobiT:  

∫+=
x

dyyffxf
0

)(')0()( , 

maSin SegviZlia davweroT, rom:   

2,

2,

2
2

0 0

( ) ( ) (0) ( ) (0) '( )
L T

T

x x

n n

L

P x f x f Q y dy f f y dy− = + − − =∫ ∫  

2,

2

0

[ ( ) '( )]
T

x

n

L

Q y f y dy= −∫ . 

 advili dasanaxia, rom 
T,2

⋅  normis ganmartebisa da helderis 

utolobis ZaliT, samarTliania Sefaseba: 
2

2,

2 2 2

0

( ) ( ) { [ ( ) '( )] }
L T

x x
T

n nP x f x Q y f y dy e dx
∞

−

−∞

− = − ≤∫ ∫  

2

2 2

0

[ ( ) '( )]
x x

T
nx Q y f y dye dx

+∞
−

−∞

≤ −∫ ∫ . 

Siga integralis integralqveSa gamosaxuleba gavamravloT da gav-

yoT T
y

e 2

2α

-ze da gaviTvaliwinoT rom T
y

e 2

2α

 funqcia zrdadia y -is mimarT 

(Sesabamisad utoloba kidev ufro gaZlierdeba, Tu ],0[ x  intervalze am 

funqciaSi y -s SevcvliT x -iT). Semdeg gavzardoT integralis sazRvari 

da sabolood miviRebT:    
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∫ ∫
+∞

∞−

−−
≤−≤−

x
T

x
T

y
T

y

nn dxdyeeeyfyQxxfxP
TL

0

22222
222

,2
)](')([)()(

αα

2 2 2

2 2 2 2[ ( ) '( )]
y x x

T T T
nx Q y f y e e dye dx

α α+∞ +∞
− −

−∞ −∞

≤ − ≤∫ ∫  

.0)(')( 2
)1(

2
2

/,2
⎯⎯ →⎯⋅−≤ ∞→

+∞

∞−

−
−

∫ nT
x

Ln dxexxfxQ
T

α

α
 

    
aq ( )nP x  aris polinomi da amitom )( Tn wP  SemTxveviTi sididisaTvis 

2.2 Teoremis Tanaxmad samarTliania warmodgena: 

           
'

0

( ) [ ( )] {[ ( )] }
T

w
n T n T n T x t tP w E P w E P w dw= + ℑ∫      (P- T.y.)    (3.2) 

damtkicebis dasasruleblad SevamowmoT, rom (3.2) warmodgenis TiT-

oeuli Sesakrebi krebadia (3.1) warmodgenis Sesabamisi Sesakrebisken. kreb-

adoba davamtkicod 2L -Si (saidanac, Tavis mxriv, gamomdinareobs krebado-

ba L -Si da iseTi qvemimdevrobis arseboba, romelic krebadia TiTqmis yve-

lgan). vinaidan ),0(~ TNwT , amitom gvaqvs: 

=−=− ∫
+∞

∞−

−
dxexPxf

T
wPwfE T

x

nTnT
222

2

)]()([
2
1)]()([
π

 

0)()(
2
1 2

,2
⎯⎯ →⎯−= ∞→n

Ln
T

xPxf
Tπ

. 

 e.i (3.2) Tanafardobis marcxena mxare krebadia (3.1) Tanafardobis 

marcxena mxrisken: 

0)()(lim 2

2
=−

∞→ LTnTn
wPwf . 

aqedan Tavis mxriv gamomdinareobs, rom (3.2) Tanafardobis marcxena 

mxaris pirveli Sesakrebi krebadia Sesabamisi gamosaxulebisaken (3.1) Tan-

afardobaSi. vaCvenoT, rom krebadobas adgili aqvs marcxena mxaris meore 

SesakrebSic.  

 stoqasturi integralis, pirobiTi maTematikuri lodinisa da 

maTematikuri lodinis cnobili Tvisebebis gamoyenebiT, iensenis utolo-

bis safuZvelze, SegviZlia davweroT, rom: 

2 2

0 0

{ [( '( ) ( )) ] } { [( '( ) ( )) ] }
T T

w w
T n T t t T n T tE E f w Q w dw E E f w Q w dt− ℑ = − ℑ ≤∫ ∫  

2 2

0 0

{ [( '( ) ( )) ] } [ '( ) ( )]
T T

w
T n T t T n TE E f w Q w dt E f w Q w dt≤ − ℑ = − ≤∫ ∫  

2, / 2, /

2 2

0

'( ) ( ) '( ) ( ) 0
T T

T
n

n nL L
f x Q x dt T f x Q x

α α

→∞≤ − ⋅ = ⋅ − ⎯⎯⎯→∫ . 

anu miviReT, rom (3.2) warmodgenis marcxena mxaris meore SesakrebTa 

mimdevroba miiswrafvis (3.1) warmodgenis Sesabamisi wevrisaken. Tu axla 

gadavalT zRvarze (3.2) TanafardobaSi, roca ∞→n , maSin yovelive 

zemoTTqmulis gaTvaliswinebiT, davrwmundebiT Teoremis samarTliano-

baSi.  �  
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sazogadod  imis moTxovna, rom funqcias gaaCndes pirveli rigis 

warmoebuli, sakmaod mkacri SezRudvaa. ganvixiloT SemTxveva rodesac f  
funqcias gaaCnia pirveli rigis ganzogadebuli warmoebuli da 

SevamowmoT am SemTxvevaSi Sesabamisi warmodgenis samarTlianoba. 

 

Teorema 3.3. davuSvaT, rom  f  funqcias gaaCnia pirveli rigis ganz-

ogadebuli warmoebuli f∂ , iseTi, rom TLf ,2∈∂ , maSin (P-T.y.) arsebobs 
integrali: 

∫ ℑ∂
T

t
w
tT dwwfE

0

])([ . 

 

damtkiceba: Teoremis samarTlianobaSi dasarwmuneblad sakmarisia 

SevamowmoT, rom: 

∫ ∞<ℑ∂
T

w
tT dtwfEE

0

2]})([{ . 

marTlac, iensenis utolobebisa da fubinis Teoremis gamoyenebiT 

SegviZlia davweroT, rom:      

              ∫∫ ≤ℑ∂≤ℑ∂
T

w
tT

T
w
tT dtwfEEdtwfEE

0

2

0

2 })]({[]})([{  

∞<⋅∂=∂≤ ∫ TfdtwfE
T

T

T
2

,2
0

2)]([ . 

  

Teorema 3.4. davuSvaT, rom 2, /Tf L α∈ , 0 1α< <  funqcias gaaCnia 

pirveli rigis ganzogadebuli warmoebuli f∂ , iseTi, rom  2, /Tf L β∂ ∈ , 

0 1/ 2β< < , maSin adgili aqvs warmodgenas: 

                 ∫ ℑ∂+=
T

t
w
tTTT dwwfEwfEwf

0

])([)]([)(          (P-T.y.)     (3.3) 

 

  Ddamtkiceba: Teoremis pirobebSi, radganac 2, / 2, /,T Tf L f Lα β∈ ∂ ∈ , amitom 

ganmartebulia f  funqciis sobolevis saSualo:  

( )
1

1

1

: ( ) ( )x yf T f f y dy f x y y dyε ε ε κ ζ κ ε ζ
ε

+∞
−

−∞ −

−⎛ ⎞= = = +⎜ ⎟
⎝ ⎠∫ ∫ , 

sadac 
2 2 21

2

exp{ ( 1) }, 1;
( ) :

0, , 1

x x x
x

x
ζ

−⎧ − ≤⎪= ⎨
>⎪⎩

roca

roca
 

da 
1

( )x dxκ ζ
−∞

−∞

⎛ ⎞
= ⎜ ⎟
⎝ ⎠
∫ . 

1.5 Teoremis Tanaxmad adgili aqvs Tanafardobebs: 

2, /

0( ) ( ) 0
TL

f x f x
α

ε
ε

→− ⎯⎯⎯→  
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da  

2, /

0( ) ( ) 0
TL

f x f x
β

ε
ε

→∂ − ∂ ⎯⎯⎯→ . 

  1.6 Teoremisa da mis Semdeg moyvanili SeniSvnis Tanaxmad εf  funq-

cia akmayofilebs 3.1 Teoremis pirobebs. Sesabamisad, misTvis samarTli-

ania warmodgena: 

               ∫ ℑ+=
],0(

]')([)]([)(
T

t
w
txTTT dwwfEwfEwf εεε          (P- T.y.)    (3.4)  

davamtkicoT (3.4) warmodgenis TiToeuli wevris krebadoba (3.3) war-

modgenis Sesabamisi wevrisken. cxadia, rom: 

=−=− ∫
+∞

∞−

−
dxexfxf

T
wfwfE T

x

TT
222

2

)]()([
2
1)]()([ εε π

 

2, 2, /

2 21 1( ) ( ) ( ) ( ) 0
2 2T TL L

f x f x f x f x
T T α

ε
ε επ π

→∞= − ≤ − ⎯⎯⎯→ . 

aqedan TavisTavad gamomdinareobs warmodgenis marjvena mxareSi 

mdgomi pirveli wevris krebadobac Sesabamisi wevrisken. vaCvenoT meore 

SesakrebSi myofi wevrebis krebadoba. iensenis utolobis, stoqasturi in-

tegralis, pirobiTi maTematikuri lodinisa da maTematikuri lodinis 

cnobili Tvisebebis gamoyenebiT miviRebT: 

2 2

0 0

{ [( ( ) ( )) ] } { [( ( ) ( )) ] }
T T

w w
T T t t T T tE E f w f w dw E E f w f w dtε ε∂ − ∂ ℑ = ∂ −∂ ℑ ≤∫ ∫  

2 2

0 0

{ [( ( ) ( )) ] } [ ( ) ( )]
T T

w
T T t T TE E f w f w dt E f w f w dtε ε≤ ∂ − ∂ ℑ = ∂ −∂ =∫ ∫  

2, 2, /

2 2

0

1 1 0
2 2T T

T

L L
f f dt f f T

T T β

ε
ε επ π

→∞= ∂ −∂ ⋅ ≤ ∂ − ∂ ⋅ ⎯⎯⎯→∫ . 

sabolood miviReT, rom (3.4) warmodgenis TiToeuli wevri miiswr-

afis (3.3) warmodgenis Sesabamisi wevrebisken. Sesabamisad, Tu Cven gada-

valT zRvarze (3.4) TanafardobaSi, roca 0ε → , miviRebT (3.3) warmodgenas. 

amiT Teoremis damtkiceba dasrulebulia.  �  

 ukanaskneli Teoremis sailustraciod ganvixiloT TTT www ,, −+
 SemT-

xveviTi sidideebi (romlebic miiReba Tu Tw  SemTxveviT sidides CavsvamT 

Sesabamisad Semdeg funqciebSi x+
, x−

 da x ). x+
, x−

 da x  funqciebi ar 

arian warmoebadi Cveulebrivi azriT, magram maT aqvT ganzogadebuli 

warmoebuli. vnaxoT ras mogvcems am SemTxvevaSi Teorema 3.4. 

 

magaliTi 3.1. ganvixiloT SemTxveviTi sidide 
+
Tw . am SemTxvevaSi 

1, 0;
0, 0

T
T

T

w
w

w
+ >⎧

∂ = ⎨ ≤⎩

roca

roca
 

anu             

}0{ >
+ =∂

TwT Iw  

(vinaidan  { 0}xx I+
>∂ = ). 

gamoviTvaloT (3.3) warmodgenis marjvena mxareSi mdgomi wevrebi. 

erTis mxriv, gvaqvs:   
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ππππ 22
)

2
(

22
1

0
2

0

2
2

0

2

222

Te
T

T
T

xde
T

Tdxxe
T

Ew T
x

T
x

T
x

T =−=−−== ∞−
∞

−
∞

−+ ∫∫ . 

 meores mxriv, vineris procesis markovulobis Tvisebisa da 

pirobiTi maTematikuri lodinis cnobilis Tvisebis (ix. Ширяев 1980, 
Teorema II.4.3) Tanaxmad arsebobs borelis azriT zomadi iseTi m  fun-

qcia, rom: 

0 0[ ( ) ] [ ] [ ] ( 0 ) : ( )
T T

w w
T t w t w t T t TE f w E I E I w P w w m w> >∂ ℑ = ℑ = = > = , 

sadac 

 

( ) ( 0 ) ( 0 )T t T t t tm x P w w x P w w w w x= > = = − + > = =  

( ) ( )T t t T tP w w x w x P w w x= − > − = = − > − =  

0, 0,
1 ( ) 1 ( ) ( )T t T t T t

P w w x x x
− −

= − − ≤ − = − Φ − = Φ . 

aq )(
,0

x
tT −

Φ  aris normalurad ganawilebuli SemTxveviTi sididis gana-

wilebis funqcia nulovani saSualoTi da dispersiiT tT − . amrigad, Cven 

miviReT warmodgena: 

∫ −
+ Φ+=

T

tTtTT dwwTw
0

,0 )(
2π

.  �  

 

magaliTi 3.2.Aanalogiuri msjelobiT miviRebT, rom adgili aqvs wa- 

rmodgenas: 

∫ −
− Φ+−+=

T

tTtTT dwwTw
0

,0 ))(1(
2π

. 

 

magaliTi 3.3. wina ori magaliTis da 
−+ += xxx  tolobis gaTvali-

swinebiT miviRebT, rom: 

∫ −Φ+−+=
T

tTtTT dwwTw
0

,0 ))(21(
2

2
π

. 

 

magaliTi 3.4. 

∫ −Φ−+Φ+−+=− −−

−
T

tTtTTtT
T

x

T dwwxwxeTxw
0

,0,0
2 ))(21()(21(2

2

π
. 

 

magaliTi 3.5. 

t

T

ttTT
T

K

T dwwKKKeTKw ∫ −Φ−+Φ+= −

−

0
,0,0

2 ))(1()(
2

),max(
2

π
. 

 

magaliTi 3.6. 

∫ −> Φ+=
T

STSTW dwwI
T

0
,0}0{ )(

2
1

. 

ukanaskneli warmodgenis sisworis Sesamowmeblad SemoviRoT Semde-

gi aRniSvna: 
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[ , ] ( , )( ) : ( /(2 ) 1/ 2) ( ) ( )f x x I x I xβ
β β ββ − ∞= + + =  

0, ;
/(2 ) 1/ 2, ;

1/ 2, .

x
x x

x

β
β β β

β

< −⎧
⎪= + − ≤ ≤⎨
⎪ >⎩

roca

roca

roca

 

)()2/(1:))((/ ),( xIxfx ββ
β β −=∂∂ . 

ganvmartoT ( )f xβ
ε  funqcia Semdegnairad:    

1( ) ( )x yf x f y dyβ β
ε ε κ ζ

ε

+∞
−

−∞

−⎛ ⎞= ⎜ ⎟
⎝ ⎠∫ . 

visargebloT 1.3 TeoremiT. gvaqvs: 

0

( ) [ ( )] [ / ( ( )) ]
T

w
T T T t tf w E f w E x f w dwβ β β

ε ε ε= + ∂ ∂ ℑ∫ .       (P-T.y.) 

Tu ukanasknel TanafardobaSi gadavalT zRvarze, roca 0→ε , gveq-

neba: 

0

( ) [ ( )] [ / ( ( )) ]
T

w
T T T t tf w E f w E x f w dwβ β β= + ∂ ∂ ℑ∫ ,      (P-T.y.) 

saidanac β -s nulisaken  miswrafebis Semdeg miviRebT sasurvel warmod-

genas.  �  
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$ 4 

ori cvladis vineris polinomialuri 

 funqcionalebis stoqasturi integraluri 

warmodgena 
 

 

 Teorema 4.1. vTqvaT ),( yxPm  aris m -uri rigis polinomialuri 

funqcia. maSin (P-T.y.) samarTliania warmodgena:  

 

+= )],([),( STmSTm wwPEwwP  

        { } { }
0

{ [ ( ( , )) ] [ ( ( , )) ] }
T S

w w
m T S t t T m T S t t S tE P w w I E P w w I dw

x y

∨

≤ ≤

∂ ∂
+ ℑ ⋅ + ℑ ⋅

∂ ∂∫       (4.1). 

sadac  

, ,( ( , )) : [ ( , )] , ( ( , )) : [ ( , )]
T S T Sm T S m x w y w m T S m x w y wP w w P x y P w w P x y

x x y y= = = =

∂ ∂ ∂ ∂
= =

∂ ∂ ∂ ∂
. 

D 

damtkiceba: jer davamtkicoT Teorema ori cvladis xarisxovani 

funqcionalebisaTvis 
m
S

n
T ww ⋅  (anu ganvixiloT xarisxovani funqcia 

( , ) n m
n mP x y x y+ = ⋅ ). garkveulobisaTvis vigulisxmoT, rom ).( ST ≥  SemoviRoT 

aRniSvna:  

: [( ) ]n m w
t T S tX E w w= ⋅ ℑ . 

fiqsirebuli t -saTvis ganvixiloT SemTxvevebi: tS ≥  da tS ≤ . 

pirveli SemTxveva: tS ≥ .  pirobiTi  maTematikuri lodinis cnobili  

Tvisebis gamoyenebiT SegviZlia davweroT: 

[( ) ] {[ ( )] }n m w m n w w
t T S t S T S tX E w w E w E w= ⋅ ℑ = ℑ ℑ . 

aqedan, Tu visargeblebT ( )n w
T SE w ℑ  (T S≥ ) da ( )m i w

S tE w + ℑ  ( tS ≥ ) pirob-

iTi maTematikuri lodinebis zemoT miRebuli warmodgenebiT (ix. Teorema 

1.1), advilad miviRebT, rom: 

2

0
{[ ( 1)!!( ) ] }

n in
m i i w

t S n S t
i

X E w C n i T S w
−

=

= − − − ℑ =∑  

2

0

[ ( 1)!!( ) ( )]
n in

i m i w
n S t

i

C n i T S E w
−

+

=

= − − − ℑ =∑  

           2 2

0 0
{ ( 1)!!( ) [ ( 1)!!( ) ]}

n i m i jn m i
i j j
n m i t

i j

C n i T S C m i j S t w
− + −+

+
= =

= − − − + − − − =∑ ∑  

             ∑∑
=

+

=

−+−

+ −−−−+−−=
n

i

im

j

j
t

jimin
j

im
i
n wtSSTjiminCC

0 0

22 )()(!)!1(!)!1( . 

itos formulis gamoyenebiT gamovTvaloT stoqasturi diferencia-

li tdX . gvaqvs: 
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               2

0 0
( 1)!!( 1)!!( )

n in m i
i j

t n m i
i j

dX C C n i m i j T S
−+

+
= =

= − − + − − − ×∑∑  

1 22 21[ ( ) ( 1)( )
2

m i j m i j
j j

t t tj S t w dw j j S t w dt
+ − + −

− −× − + − − −  

1
2( ) ]

2

m i j
j

t
m i j S t w dt

+ −
−+ −

− − . 

 Oormagi jamis gaSlisas SevamCnevT, rom TiToeul wevrs, romelic 

Seicavs dt -s Seesabameba analogiuri wevri oRond mopirdapire niSniT. 

marTlac, ganvixiloT tw -s erTidaigive xarisxis mqone wevrebi da Seva-

daroT erTmaneTs maTi koeficientebi. gaviTvaliswinoT, rom erTi da 

igive j -saTvis kvadratuli frCxilebis SigniT mdgom meore 

gamosaxulebaSi tw -s xarisxi 2-iT naklebia mesame SesakrebSi tw -s 

xarisxze. amitom erTmaneTs SevadaroT meore da mesame Sesakrebebis is 

wevrebi, romlebSic monawileobs 
j

tw  da vnaxoT, rom swored am 

Sesakrebebs aqvT moduliT toli da niSniT gansxvavebuli koeficientebi. 

amovweroT es msgavsi wevrebi. pirveli maTgani aRvniSnoT 1( 2)a j +  

simboloTi, xolo meore ki 2 ( )a j -iT. gvaqvs: 

2
2 2

1
1( 2) ( 3)!!( 2)( 1)( )
2

m i j
i j j
n m i ta j C C m i j j j S t w dt

+ − −
+
++ = + − − + + −  

da 
2

2
2

1( ) ( 1)!!( )( )
2

m i j
i j j
n m i ta j C C m i j m i j S t w dt

+ − −

+= − − − − + − −  

 ganvixiloT am ori wevris Sefardeba: 
2

1

2

( 3)!!( 2)( 1)( 2)
( ) ( 1)!!( )

j
m i

j
m i

C m i j j ja j
a j C m i j m i j

+
+

+

+ − − + ++
= −

+ − − + −
. 

 Tu visargeblebT binomis koeficientebis TvisebebiT, miviRebT: 

1

2

( 2) !( )!( 3)!!( 2)( 1) 1
( ) ( 2)!( 2)!( 1)!!( )

a j j m i j m i j j j
a j i m i j m i j m i j

+ + − + − − + +
= − = −

+ + − − + − − + −
. 

amitom 1( 2)a j +  da 2 ( )a j  wevrebi gaabaTileben erTmaneTs da advili 

dasanaxia, rom sabolood miviRebT: 

        t

n

i

im

j

j
t

jimin
j

im
i
nt dwwtSjSTjiminCCdX ∑∑

=

+

=

−
−+−

+ −⋅⋅−−−+−−=
0 0

122 )()(!)!1(!)!1( . 

 ukanaskneli Tanafardobis marjvena mxareSi tdw -s win mdgomi Tanam-

amravli aris 
'{[ ( )] }

S

n m w w
T S S w tE E w w⋅ ℑ ℑ  pirobiTi maTematikuri lodinis  gaS-

la (rogorc cnobilia arsebobs iseTi borelis g  funqcia, rom 

( ) ( )n m w
T S S SE w w g wℑ = . Sesabamisad, 

'[ ( )]
S

n m w
T S S wE w w⋅ ℑ   gamosaxulebis qveS gvesmis 

aRniSnuli g  funqciis x -is mimarT warmoebulSi x -is adgilas Casmuli 

Sw :  
'[ ( )]

Sx x wg x = ). marTlac, 1.1 Teoremisa da pirobiTi maTematikuri lodi-

nis cnobili Tvisebebis gamoyenebiT miviRebT: 
' '{[ ( )] } {[ ( )] }

S S

n m w w m n w w
T S S w t S T S w tE E w w E w E w⋅ ℑ ℑ = ℑ ℑ =  
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'2

0

{[ ( 1)!!( ) ] }
S

n in
m i i w
S n S w t

i

E w C n i T S w
−

=

= − − − ℑ =∑  

'2

0
{[ ( 1)!!( ) ] }

S

n in
i m i w
n S w t

i
E C n i T S w

−
+

=

= − − − ℑ =∑  

12

0
{ ( 1)!!( ) ( ) }

n in
i m i w
n S t

i
E C n i T S w m i

−
+ −

=

= − − − + ℑ =∑  

=ℑ+−−−= ∑
=

−+
−

}][)()(!)!1({
0

12
n

i

w
t

im
S

in
i
n wEimSTinC  

2

0

( 1)!!( ) ( )
n in

i
n

i

C n i T S m i
−

=

= − − − + ×∑  

11
2

1
0

( 2)!!( )
m i jm i

j j
m i t

j
C m i S t w

+ − −+ −

+ −
=

× + − − =∑  

∑ ∑
=

−+

=

−−+

−+

−

−−++−−−=
n

i

im

j

j
t

jim
j

im

in
i
n wtSimCimSTinC

0

1

0

2
1

1
2 )(!)!2()()(!)!1( . 

Tu axla SevcvliT )1( +j -s j -Ti da visargeblebT )(1 inCnC i
n

i
n −=⋅−  

tolobiT, advilad davrwmundebiT, rom  
'{[ ( )] }

S

n m w w
t T S S w t tdX E E w w dw= ⋅ ℑ ℑ . 

 axla ganvixiloT meore SemTxveva: tS ≤ . 1.1 Teoremis safuZvelze Se-

gviZlia davweroT, rom: 

         2

0

[( ) ] ( ) ( 1)!!( )
n in

n m w m n w m i i
t T S t S T t S n t

i

X E w w w E w w C n i T t w
−

=

= ⋅ ℑ = ℑ = − − −∑ . 

 itos formulis gamoyenebiT gamovTvaloT tX  SemTxveviTi procesis 

stoqasturi diferenciali. gvaqvs: 

12

0

( 1)!![ ( )
n in

m i i
t S n t t

i

dX w C n i i T t w dw
−

−

=

= − − − +∑  

122 21 ( 1)( ) ( ) ]
2 2

n i n i
i i
t t

n ii i T t w dt T t w dt
− −

−− −
+ − − − − . 

 Ojamis gaSlisas, iseve rogorc zemoT, Zneli ar aris SevamCnioT, 

rom TviToeul wevrs, romelic Seicavs dt -s Seesabameba analogiuri 

wevri, romelic moduliT misi tolia da niSniT mopirdapire. marTlac, 

zemoT aRniSnulis analogiurad amovweroT tw -s erTidaigive i -uri 
xarisxis Semcveli wevrebi. esenia: 

2
2 2

1
1( 2) ( 3)!!( 2)( 1)( )
2

n i
i i
n ta i C n i i i T t w dt

− −
++ = − − + + −  

da 
2

2
2

1( ) ( 1)!!( )( )
2

n i
i i
n ta i C n i n i T t w dt

− −

= − − − − − . 

  ganvixiloT am sidideebis Sfardeba: 
2

1

2

( 3)!!( 2)( 1)( 1)
( ) ( 1)!!( )

i
n

i
n

C n i i ia i
a i C n i n i

+ − − + ++
= −

− − −
. 

 binomis koeficientis Tvisebebis gamoyenebiT vRebulobT:  
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1

2

( 1) !( )!( 3)!!( 2)( 1) 1
( ) ( 2)!( 2)!( 1)!!( )

a i i n i n i i i
a i i n i n i n i
+ − − − + +

= − = −
+ − − − − −

. 

  amitom es wevrebi erTmaneTs gaabaTilebs da sabolood miviRebT, 

rom: 

                     ∑
=

−
−

−⋅⋅−−=
n

i
t

i
t

in
i
n

m
St dwwtTiinCwdX

0

12)(!)!1( . 

U ukanaskneli warmodgenis marjvena mxareSi tdw -s win mdgomi Tanama-

mravli aris 
'{[ ( )] }

T

n m w w
T S S w tE E w w⋅ ℑ ℑ pirobiTi maTematikuri lodinis  gaSla. 

marTlac, 1.1 Teoremisa da pirobiTi maTematikuri lodinis cnobili Tvi-

sebebis gamoyenebiT gvaqvs: 
' 1 1[( ) ] [( ) ] ( )

T

n m w m n w m n w
T S w t S T t S T tE w w E w n w w n E w− −⋅ ℑ = ⋅ ⋅ ℑ = ⋅ ⋅ ℑ =  

11
2

1
0

( 1 1)!!( )
n in

m i n i
S n t

i

w n C n i T t w
− −−

−
−

=

= ⋅ ⋅ − − − −∑ . 

Tu aq  )1( +i -s SevcvliT i -Ti da visargeblebT )(1 inCnC i
n

i
n −=⋅−  

tolobiT, advilad davrwmundebiT, rom  
'[( ) ]

T

n m w
t T S w t tdX E w w dw= ⋅ ℑ . 

 zemoT miRebuli miRebuli Sedegebisa da [ ]m
S

n
T wwEX =0  da 

m
S

n
TT wwX =  

roca ST ≥  tolobebis gaviTvaliswinebT Tanafardobidan: 

∫+=
T

ST dXXX
0

0  

miviRebT, rom (P-T.y.)  adgili aqvs warmodgenas: 

{ }' '
{ } { }

0

( ) {[ ( )] } [( ) ]
S T

T
n m n m n m w w n m w
T S T S T S S w t S t T S w t S t tw w E w w E E w w I E w w I dw≥ <= + ℑ ℑ + ℑ∫ . 

analogiuri msjelobiT, ST ≤  SemTxvevaSi, vrwmundebiT, rom (P-T.y.)  
adgili aqvs warmodgenas: 

{ }' '
{ } { }

0

( ) {[ ( )] } [( ) ]
T S

S
n m n m n m w w n m w
T S T S T S T w t T t T S w t T t tw w E w w E E w w I E w w I dw≥ <= + ℑ ℑ + ℑ∫ . 

     pirobiTi maTematikuri lodinis cnobili Tvisebebis gaTvaliswine-

biT, bolo ori tolobis gaerTianebis Sedegad, (P-T.y.)  miviRebT warmod-

genas:   

( )n m n m
T S T Sw w E w w= +  

    { }' '
{ } { }

0

{[ ( )] } [( ) ]
S T S T

T S
n m w w n m w
T S S T w t S T t T S w t S T t tE E w w I E w w I dw

∧ ∨

∨

∧ ∧ ≥ ∧ <+ ℑ ℑ + ℑ∫ .  (4.2) 

    SevamowmoT, rom ukanaskneli Tanafardoba SeiZleba gadavweroT 

Semdegnairad: 

' '
{ } { }

0

( ) { [( ) ] [( ) ] }
T S

T S
n m n m n m w n m w
T S T S T S w l t T T S w t t S tw w E w w E w w I E w w I dw

∨

≤ ≤= + ℑ ⋅ + ℑ ⋅∫ . 

ganvixiloT ST ≥  SemTxvevisTvis (4.2) warmodgenaSi monawile 

stoqasturi integrali. stoqasturi integralis, pirobiTi maTematikuri 

lodinis da vineris procesis cnobili Tvisebebis gaTvaliswinebiT 

gvaqvs: 
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' '
{ } { }

0

: { [( ) ] [( ) ] }
T S

T S
n m w n m w
T S w t t T T S w t t S tI E w w I E w w I dw

∨

≤ ≤= ℑ ⋅ + ℑ ⋅ =∫  

{ }' '
{ } { }

0

{[ ( ) } {[ ( )] }
S T T

T S
n m w w n m w w
T S S T w t S T t T S S T w t S T t tE E w w I E E w w I dw

∧

∨

∧ ∧ ≥ ∨ ∧ <= ℑ ℑ + ℑ ℑ =∫  

' '

0

{[ ( )] } [( ) ]
S T

S T
n m w w n m w
T S S w t t T S w t t

S

E E w w dw E w w dw= ℑ ℑ + ℑ∫ ∫ . 

Tu ukanasknel gamosaxulebas daumatebT da gamovaklebT  sidides  

[ ]∫ ℑ
S

t
w
tw

m
S

n
T dwwwE

T
0

)'( , 

maSin davinaxavT, rom: 

' ' '

0 0 0

{[ ( )] } [( ) ] [( ) ]
S T T

S S T
n m w w n m w n m w
T S S w t t T S w t t T S w t tI E E w w dw E w w dw E w w dw= ℑ ℑ − ℑ + ℑ =∫ ∫ ∫  

{ }' ' '

0 0

{[ ( )] } [( ) ] [( ) ]
S T T

S T
n m w w n m w n m w
T S S w t T S w t t T S w t tE E w w E w w dw E w w dw= ℑ ℑ − ℑ + ℑ∫ ∫ . 

 aqedan vineris procesisa da pirobiTi maTematikuri lodinis cnobi-

li Tvisebebis gamoyenebiT,  miviRebT, rom: 

{ }' ' '

0 0

{[ ( )] } { [( ) ] } [( ) ]
S T T

S T
n m w w n m w w n m w
T S S w t T S w S t t T S w t tI E E w w E E w w dw E w w dw= ℑ ℑ − ℑ ℑ + ℑ =∫ ∫  

' ' '

0

{( ) ( ) [ ( )] [( ) | ] | }
S S T

S
m n w m n w n m w w
S w T S S T S w T S w S t tE w E w w E w E w w dw= ℑ + ℑ − ℑ ℑ =∫
' ' '

0 0 0

[( ) ] [( ) ( ) ] [( ) ]
T S T

T S T
n m w m n w w n m w
T S w t t S w T S t t T S w t tE w w dw E w E w dw E w w dw+ ℑ = ℑ ℑ + ℑ =∫ ∫ ∫  

' '

0 0

{ [( ) ] } [( ) ]
S T

S T
m n w w n m w
S w T S t t T S w t tE E w w dw E w w dw= ℑ ℑ + ℑ =∫ ∫  

' '

0 0

[( ) ] [( ) ]
S T

S T
m n w n m w
S w T t t T S w t tE w w dw E w w dw= ℑ + ℑ =∫ ∫  

' '

0 0

[( ) ] [( ) ]
S T

S T
m n w n m w
S T w t t T S w t tE w w dw E w w dw= ℑ + ℑ∫ ∫ . 

 amrigad Cven miviReT, rom (4.2) warmodgena aris dasamtkicebeli 

warmodgena xarisxovani funqcionalebisTvis. 

 Tu gaviTvaliswinebT pirobiTi maTematikuri lodinis, maTematikuri 

lodinis, stoqasturi integralisa da gawarmoebis operatoris wrfivobis 

Tvisebas, ukve miRebuli Sedegidan xarisxovani funqcionalebisTvis 

advilad miviRebT dasamtkicebel Teoremas polinomialuri funqciona-

lebisTvisac.  �   
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$ 5 

ori cvladis kvadratiT integrebadi vineris 

funqcionalebis stoqasturi integraluri 

warmodgena 

          
 
  mas Semdeg rac davamtkicebulia ori cvladis vineris polinomi-

aluri funqcionalebisTvis martingaluri warmodgenis Teoremebis samar-

Tlianoba, aRniSnuli Teoremebi ganvazogadoT funqcionalTa ufro far-

To klasisTvis. Cven SemoviRebT specialuri sivrces da am sivrcis fun-

qcionalebisaTvis davamtkicebT integraluri warmodgenis Teoremebs.L  

SemoviRoT aRniSvnebi:  

T
y

S
x

eTSyx 22

22

:),,,(
−−

=ρ   

da 

),,,(:),,,( STSxyxTSyxr −−= ρ . 

ganvmartoT DagreTve sivrce [ ]),,,(;: 2
2,,2 TSyxRLL TS ρ=  (Sesabamisad, 

[ ]),,,(;: 2
2,2 TSyxrRLLT

S =  nebismieri fiqsirebuli TS <≤0 ): es aris zomad 

funqciaTa sivrce Semdegi sasruli normiT: 
2,,2

),( TSgg
TS

ρ=  (Sesabamisad, 

2,2
),( TSgrg

ST
= ).     

 

lema 5.1. LT
S,2  aris banaxis sivrce , 0{ ( , , , )}k l

k lx y r x y S T ≥   bazisiT. 

damtkiceba:   Tu visargeblebT elementaluri utolobiT 

yxxy 22/12 εε +≤ , 

maSin, Cven SegviZlia davweroT, rom: 

≤=−−= −
−

−−
)(2

)(
2

22

),,,(:),,,( ST
yx

S
x

eSTSyxxTSyxr ρ  

2

),min(2
1)(

),min(2
1

22
222222

yx
ba

yx
bab

y
a

x

eee
+−+−−−

=≤≤ , 

sadac  

))(/(1))(/( STSTSTa −−−= ε , 

−−= )/(1 STb )/( ST −ε . 

gasagebia, rom Tu 1/ << εTS , maSin 0,0 >> ba . amitom 1.2 Teoremis 

Tanaxmad damtkiceba dasrulebulia.  �  
 

Teorema 5.1. vTqvaT ),( yxf  funqcia iseTa, rom )( 22 RCf ∈  da 

)(,,2)(/),(/ STSLfyfx −∈∂∂∂∂  maSin (P-T.y.) arseboben integralebi: 

∫ ⎥
⎦

⎤
⎢
⎣

⎡
ℑ

∂
∂T

t
w
tST

T

dwwwf
w

E
0

),(  

da  
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∫ ⎥
⎦

⎤
⎢
⎣

⎡
ℑ

∂
∂S

t
w
tST

S

dwwwf
w

E
0

),(  . 

 

damtkiceba: Teoremis dasamtkiceblad sakmarisia SevamowmoT, rom: 

2

(0, ]

[ ( , ) ]w
T S t

TT

E E f w w dt
w
∂

ℑ < ∞
∂∫  

da  

2

(0, ]

[ ( , ) ]w
T S t

SS

E E f w w dt
w
∂

ℑ < ∞
∂∫ . 

marTlac, iensenis utolobisa da fubinis Teoremis gamoyenebiT 

SegviZlia davweroT, rom:   

≤⎥
⎦

⎤
⎢
⎣

⎡
ℑ

∂
∂

≤⎥
⎦

⎤
⎢
⎣

⎡
ℑ

∂
∂

∫∫
T

w
tST

T

T
w
tST

T

dtwwf
w

EEdtwwf
w

EE
0

2

0

2

),(),(  

.),(),()],([
2

,,2],0(

2

,,20

2 ∞<⋅
∂
∂

=⋅
∂
∂

=
∂
∂

≤
−−

∫∫ Tyxf
x

dtyxf
x

dtwwf
w

E
STSTSTS

T

ST
T

 

analogiurad mowmdeba integralis arseboba.  �  
 

Teorema 5.2. vTqvaT ),( yxf  funqcia iseTa, rom )( 22 RCf ∈ L TS ,,2∩  da 

raime 10 <<α -Tvis  αα /)(,/,2

2

),(),(/),(/ STSLyxf
yx

fyfx −∈
∂∂
∂

∂∂∂∂ , maSin (P-T.y.) 

adgili aqvs martingaluri warmodgenis Teoremas:  

 

+= )],([),( STST wwfEwwf  

       t

ST

St
w
tST

S
Tt

w
tST

T

dwIwwf
w

EIwwf
w

E∫
∨

≤≤
⎭
⎬
⎫

⎩
⎨
⎧

⋅⎥
⎦

⎤
⎢
⎣

⎡
ℑ

∂
∂

+⋅⎥
⎦

⎤
⎢
⎣

⎡
ℑ

∂
∂

+
0

}{}{ ),(),( .       (5.1) 

  

damtkiceba: Teoremis pirobebSi, radganac αα /)(,/,2)(/),(/ STSLfyfx −∈∂∂∂∂ ,  

moiZebneba ),( yxQn  polinomialur funqciaTa iseTi mimdevroba, rom 

adgili aqvs Tanafardobas: 

),(),(
2

/)(,/,2 yxf
yx

yxQ STSL
n ∂∂

∂
⎯⎯⎯⎯ →⎯ − αα , roca ∞→n . 

ganvixiloT funqcia:  

∫ ∫+++−=
x y

nn dudvvuQyfxffyxP
0 0

),()0,()0,()0,0(),( . 

SevamowmoT, rom ),(),( ,,2 yxfyxP STSL
n ⎯⎯⎯ →⎯ − , roca ∞→n . 

marTlac, Tu gaviTvaliswinebT, rom:  

∫ ∫ ∂∂
∂

+++−=
x y

n dudvvuf
vu

yfxffyxP
0 0

2

),()0,()0,()0,0(),( , 

maSin helderis utolobis gamoyenebiT miviRebT: 
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=
∂∂
∂

−=−
−

− ∫ ∫
2

0 0

2
2

)(,,2

)(,,2
)),(),((),(),(

STS

STS

L

x y

nLn dudvvuf
vu

vuQyxfyxP  

≤⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

∂∂
∂

−= ∫ ∫ ∫ ∫
∞+

∞−

∞+

∞−

−
−

−−

dxdyedudvvuf
vu

vuQ ST
yx

S
xx y

n
)(2

)(
2

2

0 0

2
22

)),(),((  

∫ ∫ ∫ ∫
∞+

∞−

∞+

∞−

−
−

−−

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂∂
∂

−≤ dxdyedudvvuf
vu

vuQyx ST
yx

S
xx y

n
)(2

)(
2

0 0

22
22

),(),( . 

Siga orjeradi integralis integrandi gavamravloT da gavyoT 

)(2
)(

2

22

ST
uv

S
u

ee −
−

−−
⋅

αα

 gamosaxulebaze. gvaqvs:    

≤−
−

2

)(,,2
),(),(

STSLn yxfyxP  

∫ ∫ ∫ ∫
∞+

∞−

∞+

∞−

−
−

−−
−

−
−

−
−−

⋅⋅⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂∂
∂

−≤ dxdyedudveeeevuf
vu

vuQyx ST
yx

S
xx y

ST
uv

S
u

ST
uv

S
u

n
)(2

)(
2

0 0

)(2
)(

2)(2
)(

2

22
222222

),(),(
αααα

 

 davadginoT )(2
)(

2

22

ST
uv

S
u

ee −
−

⋅
αα

 gamosaxulebis udidesi mniSvneloba, roca 

],0[];,0[ yvxu ∈∈ . cxadia udidesi mniSvneloba miiRweva, roca a) yv =  da 

xu =  an b) 0=v  da xu = . ganvixiloT es SemTxvevebi cal-calke. 

a). gvaqvs:              

≤−
−

2

)(,,2
),(),(

STSLn yxfyxP  

∫ ∫ ∫ ∫
∞+

∞−

∞+

∞−

−
−−

−
−

−
−

−
−−

⋅⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂∂
∂

−≤ dxdyedudveevuf
vu

vuQyx ST
yx

S
xx y

ST
uv

S
u

n
)(2

))(1(
2

)1(

0 0

)(2
)(

2

22
2222

),(),(
αβαα

 

amitom integralis sazRvrebis gazrdiT ∞+ -mde miviRebT:  

≤−
−

2

)(,,2
),(),(

STSLn yxfyxP  

=⋅⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂∂
∂

−≤ ∫ ∫ ∫ ∫
∞+

∞−

∞+

∞−

−
−−

−
−

−∞+

∞−

∞+

∞−

−
−
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dxdyedudveevuf

vu
vuQyx ST

yx
S

x
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uv

S
u

n
)(2
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2

)1(
)(2
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2

22
2222

),(),(
αβαα

 

=⋅⎟⎟
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⎞
⎜⎜
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⎛
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∞−
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−
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−
−
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−
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dxdyeyxdudveevuf
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2222
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∫ ∫
∞+

∞−

∞+

∞−

−
−−

−
−

−

⋅
∂∂
∂

−=
−

dxdyeyxyxf
yx

yxQ ST
yx

S
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L
n

STS

)(2
))(1(

2
)1(22

22

/)(,/,2

),(),(
αβ

αα

. 

 miviReT ori gamosaxulebis namravli, romelTagan erTi miiswrafis 

nulisken. vaCvenoT, rom meore Tanamamravli SemosazRrulia. marTlac, 

Tu visargeblebT iensenis utolobiTa da 5.2 lemiT, miviRebT, rom: 

=≤ ∫ ∫∫ ∫
∞+

∞−

∞+

∞−

−−∞+

∞−

∞+

∞−

−
−−

−
−

−

dxdyeyxdxdyeyx b
y

a
x

ST
yx

S
x

'2'2)(2
))(1(

2
)1( 2222 αβ

 

           

2 2 2 2

2 ' 2 ' 2 ' 2 '
y x y x
b a b ay e x e dxdy y e dy x e dx c E Eξ η

+∞ +∞ +∞ +∞
− − − −

−∞ −∞ −∞ −∞

= = = ⋅ ⋅ < ∞∫ ∫ ∫ ∫  

sadac )',0(~,)',0(~ bNaN ηξ . amitom sabolood SegviZlia davaskvnaT, 

rom: 
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0),(),( 2

)(,,2
⎯⎯ →⎯− ∞→

−

n
Ln

STS
yxfyxP . 

b). am SemTxvevaSi SegviZlia davweroT: 
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gavzardoT integralebis sazRvrebi ∞+ -mde. gvaqvs: 
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kvlav miviReT ori gamosaxulebis namravli, romelTagan erTi miiswrafis 

nulisken, xolo meore SemosazRvrulia. amitom sabolood vaskvniT, rom: 

                    0),(),( 2

)(,,2
⎯⎯ →⎯− ∞→

−

n
Ln

STS
yxfyxP . 

 SevniSnavT, rom TviTon ),( yxPn  funqcia Sedgeba ramodenime wevri-

sgan, romelTagan pirveli mudmivi ricxvia, meore da mesame erTi cvladis 

funqciebia, romelTaTvisac Cven ukve miRebuli gvaqvs martingaluri 

warmodgenis Teoremebi, xolo rac Seexeba meoTxe wevrs is aris ormagi 

integrali polinomidan. polinomisTvis martingaluri warmodgenis 

Teorema miRebuli gvaqvs. polinomidan intagrali ra Tqma unda isev 

polinomia da maSasadame, ),( yxPn  polinomebisaTvis martingaluri warmo-

dgenis Teorema Cven ukve miRebuli gvaqvs: 

+= )],([),( STnSTn wwPEwwP  

t

ST

St
w
tSTn

S
Tt

w
tSTn

T

dwIwwP
w

EIwwP
w

E∫
∨

≤≤
⎭
⎬
⎫

⎩
⎨
⎧

⋅⎥
⎦

⎤
⎢
⎣

⎡
ℑ

∂
∂

+⋅⎥
⎦

⎤
⎢
⎣

⎡
ℑ

∂
∂

+
0

}{}{ ),(),( . 

 advili dasanaxia, rom miRebul warmodgenaSi tolobis marcxena 

mxare saSualo kvadratuli azriT miiswrafis ),( ST wwf -ken (Semowmeba 

erTganzomilebiani SemTxvevis analogiuria). Sesabamisad, marjvena mxaris 

pirveli Sesakrebi miiswrafis )],([ ST wwfE -ken. Teoremis dasamtkicebis 

dasasruleblad sakmarisia vaCvenoT, rom: 

t

T
w
tST

T

L
t

T
w
tSTn

T

dwwwf
w

EdwwwP
w

E ∫∫ ℑ
∂
∂

⎯→⎯ℑ
∂
∂

00

]),([]),([ 2 , roca ∞→n . 

da 
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t

S
w
tST

S

L
t

S
w
tSTn

S

dwwwf
w

EdwwwP
W

E ∫∫ ℑ
∂
∂

⎯→⎯ℑ
∂
∂

00

]),([]),([ 2 , roca ∞→n . 

marTlac, iensenis utolobis, stoqasturi integralis, pirobiTi 

maTematikuri lodinisa da maTematikuri lodinis Tvisebebis gamoyenebiT 

vRebulobT, rom: 

≤⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
ℑ−

∂
∂

∫
2

0

])},(),({[
T

t
w
tSTSTn

T

dwwwfwwP
w

EE  

≤ℑ−
∂
∂

≤ ∫
T

w
tSTSTn

T

dtwwfwwP
w

EE
0

2]))},(),({[(  

≤ℑ−
∂
∂

≤ ∫ )])},(),({[(
0

2
T

w
tSTSTn

T

dtwwfwwP
w

EE  

=−
∂
∂

≤ ∫
T

STSTn
T

dtwwfwwP
w

E
0

2)}],(),({[  

∫ ∫∫ =−
∂
∂

−
= −

−
−−T

R

ST
yx

S
x

n dtdxdyeeyxfyxP
x

E
STS0

)(2
)(

22

2

22

)}],(),({[
)(2

1
π

 

=⋅
−

⋅−
∂
∂

= ∫
−

T

STSL
n dt

STS
yxfyxP

x 0

2

,, )(2
1)},(),({

2
π

 

0)},(),({
)(2

2

,,2

⎯⎯ →⎯−
∂
∂

⋅
−

= ∞→

−

n

STSL
n yxfyxP

xSTS
T

π
. 

 analogiuri msjelobiT miviRebT meore Sesakrebis krebadobasac, 

riTac Teoremis damtkiceba damTavrebulia.  �  
  

zogjer Cven saqme gavqvs funqciebTan, romelTac ar gaaCniaT 

klasikuri azriT warmoebuli, magram maT gaaCniaT ganzogadebuli 

warmoebuli. magaliTad: 
+),( ST ww , ),max( ST ww , da mravali sxva. Tu 

funqcias gaaCnia ganzogadebuli kerZo warmoebuli misTvis igeba gluvi 

),( yxfε  funqcia iseTi, rom ff STSL ⎯⎯⎯⎯ →⎯ − αα
ε

/)(,/,2 , roca 0→ε . aseTi funqciis 

rolSi SeiZleba aviRoT magaliTad Semdegi funqcia: 

2

2 ( , ) ( , )( , ) ( , )
R

x y u vf x y f u v dudvε ε κ ρ
ε

− −⎛ ⎞= ⎜ ⎟
⎝ ⎠∫∫ , 

sadac ρ  gamagluvebel  funqcias aqvs saxe:  

               
( )

( )

2 2

2 2exp , , 1;
1( , )

0 , , 1.

x y x y
x yx y

x y

χ
ρ

⎧ ⎛ ⎞+
⋅ <⎪ ⎜ ⎟+ −= ⎨ ⎝ ⎠

⎪ ≥⎩

 

amasTanave, 
2

1( )
R

dxdyκ ρ −= ∫∫ .  

εf  funqcias gaaCnia kerZo warmoebulebi. Cven SegviZlia am kerZo 

warmoebulebis zRvars (Tu isini arsebobs), roca 0→ε  davarqvaT f -is 
ganzogadebuli kerZo warmoebulebi. 
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 SeniSvna: iseve rogorc erTganzomilebian SemTxvevaSi, Tu f  
funqcia da misi ganzogadebuli kerZo warmoebulebi aris αα /,/,2 TSL  

sivrcidan, rodesac 
2
10 << α -saTvis (ix. Teorema 1.6 da misi Semdgomi 

SeniSvna), maSin εf  funqcia akmayofilebs Teorema 5.2-is pirobebs da 

Sesabamisad adgili aqvs warmodgenas: 

+= )],([),( STST wwfEwwf εε  

          dwtIwwf
w

EIwwf
w

E
ST

St
w
tST

S
Tt

w
tST

T
∫
∨

≤≤
⎭
⎬
⎫

⎩
⎨
⎧

⋅⎥
⎦

⎤
⎢
⎣

⎡
ℑ

∂
∂

+⋅⎥
⎦

⎤
⎢
⎣

⎡
ℑ

∂
∂

+
0

}{}{ ),(),( εε   (5.2). 

  

Teorema 5.3. vTqvaT TSLyxf ,,2),( ∈  iseTi funqciaa, romelsac gaaCnia 

ganzogadebuli kerZo warmoebulebi )(,,2 STSL −  sivrcidan. maSin (P-T.y.)  

∫ ⎥
⎦

⎤
⎢
⎣

⎡
ℑ

∂
∂

],0(

),(
T

t
w
tST

T

dwwwf
w

E  

da  

   ∫ ⎥
⎦

⎤
⎢
⎣

⎡
ℑ

∂
∂

],0(

),(
S

t
w
tST

S

dwwwf
w

E  

integralebi arsebobs. (aq ),( ST
T

wwf
w∂
∂

 da ),( ST
S

wwf
w∂
∂

 aris Sesabamisad   

( , )f x y  funqciis x -iTa da y -iT ganzogadebul kerZo warmoebulebSi Casm-

uli ( , ) ( , )T Sx y w w= .  

 

damtkiceba: Teoremis dasamtkiceblad sakmarisia vaCvenoT, rom: 

∞<⎥
⎦

⎤
⎢
⎣

⎡
ℑ

∂
∂

∫
],0(

2

),(
T

w
tST

T

dtwwf
w

EE  

da 

   ∞<⎥
⎦

⎤
⎢
⎣

⎡
ℑ

∂
∂

∫
],0(

2

),(
S

w
tST

S

dtwwf
w

EE . 

marTlac, iensenis utolobisa da fubinis Teoremis gamoyenebiT 

martivad SegviZlia miviRoT:         

      ≤⎥
⎦

⎤
⎢
⎣

⎡
ℑ

∂
∂

≤⎥
⎦

⎤
⎢
⎣

⎡
ℑ

∂
∂

∫∫
],0(

2

],0(

2

),(),(
T

w
tST

TT

w
tST

T

dtwwf
w

EEdtwwf
w

EE  

  .),(),()],([ ,,2

2

],0(

,,2

2

],0(

2 ∞<
∂
∂

=⋅
∂
∂

=
∂
∂

≤ −− ∫∫ STS

T

STS

T
ST

T

yxf
x

Tdtyxf
x

dtwwf
w

E  

analogiurad mtkicdeba meore integralis arseboba.  �  
 

Teorema 5.4. vTqvaT αα /,/,2 TSLf ∈  (0 1/ 2)α< <  aris iseTi funqcia, 

romelsac gaaCia pirveli rigis ganzogadebuli kerZo warmoebulebi 

αα /)(,/,2 STSL −  sivrcidan, maSin (P-T.y.) adgili aqvs martingaluri warmodgenis 

Teoremas:  
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+= )],([),( STST wwfEwwf  

         t

ST

St
w
tST

S
Tt

w
tST

T

dwIwwf
w

EIwwf
w

E∫
∨

≤≤
⎭
⎬
⎫

⎩
⎨
⎧

⋅⎥
⎦

⎤
⎢
⎣

⎡
ℑ

∂
∂

+⋅⎥
⎦

⎤
⎢
⎣

⎡
ℑ

∂
∂

+
0

}{}{ ),(),( ,   (5.3). 

sadac ),( ST
T

wwf
w∂
∂

-iTa da ),( ST
S

wwf
w∂
∂

-iT aRniSnulia f  funqciis 

ganzogadebuli kerZo warmoebulebSi Casmuli Tw  da Sw :  

ST wywxST
T

yxf
x

wwf
w ==∂

∂
=

∂
∂

,),(),( , 

ST wywxST
S

yxf
y

wwf
w ==∂

∂
=

∂
∂

,),(),( . 

  

damtkiceba: Teoremis pirobebSi, SeniSvnis Tanaxmad gluvi εf  

funqciisaTvis adgili aqvs (5.2) warmodgenas.  warmodgenis marcxena mxare 

saSualo kvadratuli azriT miiswrafvis (5.3) warmodgenis marcxena 

mxarisken. saidanac vaskvniT rom marjvena mxareSi myofi pirveli 

Sesakrebic miiswrafis Sesabamisi Sesakrebisken.  

marjvena mxareSi myofi meore Sesakrebebi davSaloT or Sesakrebad 

da vaCvenoT, rom: 

t

T
w
tST

T

L
t

T
w
tST

T

dwwwf
w

Edwwwf
w

E ∫∫ ℑ
∂
∂

⎯→⎯ℑ
∂
∂

00

]),([]),([ 2
ε , roca ∞→n . 

  da 

2

0 0

[ ( , ) ] [ ( , ) ]
S S

Lw w
T S t t T S t t

S S

E f w w dw E f w w dw
w wε
∂ ∂

ℑ ⎯⎯→ ℑ
∂ ∂∫ ∫ , roca ∞→n . 

 marTlac iensenis utolobis, stoqasturi integralis, pirobiTi 

maTematikuri lodinisa da maTematikuri lodinis Tvisebebis ZaliT 

gvaqvs: 

≤⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
ℑ−

∂
∂

∫
2

0

])},(),({[
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tSTST
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dwwwfwwf
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EE ε  
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∂

≤ ∫
T
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tSTST

T

dtwwfwwf
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2]))},(),({[( ε  
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∂
∂

≤ ∫
T

w
tSTST

T

dtwwfwwf
w

EE
0

2])},(),({[ ε  

=−
∂
∂

≤ ∫
T

STST
T

dtwwfwwf
w

E
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2)}],(),({[ ε  

∫ ∫∫ =−
∂
∂

−
= −

−
−−T

R

ST
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S
x

dtdxdyeeyxfyxf
x

E
STS0

)(2
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)}],(),({[
)(2

1
επ

 

∫ =⋅−
∂
∂

⋅
−

=
−

T

STSL

dtyxfyxf
XSTS 0

2

/)(,/,2

)},(),({
)(2

1
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επ
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0)},(),({
)(2

2

/)(,/,2

⎯⎯ →⎯−
∂
∂

⋅
−

= ∞→

−

n

STSL

yxfyxf
XSTS

T

αα
επ

. 

analogiuri msjelobiT miviRebT meore Sesakrebis krebadobasac, 

riTac Teoremis damtkiceba damTavrebulia.  �  
 

magaliTi 5.1. ganvixiloT 
+− )( ST ww  SemTxveviTi sidide. gaTvaliswi-

noT, rom 

}0{00
01

)( >−
+ =

⎩
⎨
⎧

≤−
>−

=−
∂
∂

ST ww
ST

ST
ST

T

I
ww
ww

ww
w

, 

da 

}0{00
01

)( >−
+ −=

⎩
⎨
⎧

≤−
>−−

=−
∂
∂

ST ww
ST

ST
ST

S

I
ww
ww

ww
w

, 

maSin Tu Cven gamoviTvliT 5.3 warmodgenaSi monawile wevrebs davinaxavT, 

rom samarTlinia warmodgena: 

∫ −Φ+
−

=− −
+

T

S
SSTSTST dwwwSTww )(

2
)( ,0π

. 

 garda amisa, adgili aqvs Semdeg warmodgenebs: 

 

m a g a l i T i  5 . 2 .  

∫ −−Φ+
−

=− −

T

S
SSTSTST dwwwSTww )1)(2(

2
2 ,0π

. 

 

m a g a l i T i  5 . 3 .        

∫∫ +−Φ+
−

= −

S

t

T

S
SSTSTST dwdwwwSTww

0
,0 )(

2
),max(

π
. 

 
T

SL ,2  sivrcis analogiurad SesaZlebelia SemoviRoT 
nTTTL ,...,,,2 21
 sivrce 

da am sivrcis elementebisaTvis SevamowmoT martingaluri warmodgenis 

Teoremebis samarTlianoba. 

aRvniSnoT n

n
n

T
x

T
x

T
x

nn eTTTxxx 2
...

22
2121

2

2
2

1

2
1

:),...,,,,...,,(
−−−−

=ρ  da SemoviRoT wona 

),...,,,,,...,,,(:),...,,,,...,,( 1321211231212121 −− −−−−−−= nnnnnn TTTTTTTxxxxxxxTTTxxxr ρ . 

ganvmartoT kvadratiT integrebad funqciaTa sivrce 

)],...,,,,...,,(;[: 21212,...,,,2 21 nn
n

TTT TTTxxxrRLL
n
=  nebismieri fiqsirebuli 1 2, ,..., nT T T  

dadebiTi ricxvebisaTvis,   nTTT ≤≤≤ ...21 ,  rogorc zomad funqciaTa siv-

rce, masze gansazRvruli Semdegi sasruli normiT:  

22121,...,,,2
),...,,,,...,,(

21
nnTTT

TTTxxxrgg
n

⋅= . D 

zemoT damtkicebuli debulebebis analogiurad mtkicdeba, rom 

adgili aqvs Semdeg debulebebs: 
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Teorema 5.5. )],...,,,,...,,(;[: 21212,...,,,2 21 nn
n

TTT TTTxxxrRLL
n
=  sivrce aris 

banaxis sivrce )},...,,,,...,,(...{ 2121321
321

nn
m
n

mmm TTTxxxrxxxx n  bazisiT. 

 

Teorema 5.6 vTqvaT, 
nTTTLf ,...,,,2 21

∈  iseTi funqciaa, romelsac gaaCnia 

ganzogadebuli kerZo warmoebulebi 
nTTTL ,...,,,2 21
 sivrcidan, maSin (P-T.y.)  

}{
1 2

1 1 2 1 1 2

...

{ } { }
0

'( , ,..., ) '( , ,..., )
n

n n n n

T T T
w w

X T T T l l T X T T T t t T tE f w w w I E f w w w I dw
∨ ∨ ∨

≤ ≤
⎡ ⎤ ⎡ ⎤ℑ ⋅ + ⋅⋅⋅+ ℑ ⋅⎣ ⎦ ⎣ ⎦∫  

integrali arsebobs. 

 

Teorema 5.7. vTqvaT ααα /,...,/,/,2 21 nTTTLf ∈  (
2
10 << α ) iseTi funqciaa, 

romelsac gaaCnia ganzogadebuli kerZo warmoebulebi  ),...,(' 1 nX XXf
i

 

( 1,...,i n= ) 
1 22, / , / ,..., /nT T TL α α α  sivrcidan, maSin ),...,,(

21 nTTT wwwf  tipis 

funcionalisTvis (P-T.y.) samarTliania warmodgena: 

  

+= )],...,,([),...,,(
2121 nn TTTTTT wwwfEwwwf  

{
1 2

1 1 2 1 2 1 2 2

...

{ } { }
0

'( , ,..., ) '( , ,..., )
n

n n

T T T
w w

X T T T t t T X T T T t t TE f w w w I E f w w w I
∨ ∨ ∨

≤ ≤
⎡ ⎤ ⎡ ⎤+ ℑ ⋅ + ℑ ⋅ +⎣ ⎦ ⎣ ⎦∫  

}1 2 { }'( , ,..., )
n n n

w
X T T T t t T tE f w w w I dw≤

⎡ ⎤+ ⋅⋅⋅ + ℑ ⋅⎣ ⎦ . 
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$ 6 

Sereuli tipis vineris funqcionalebis 

stoqasturi integraluri warmodgena 
 

 

ganvixiloT ),( TwTF=ξ  tipis SemTxveviTi sidideebi da SevecadoT 

maTTvis CavweroT martingaluri warmodgenis Teorema da vipovoT cxadi 

saxiT stoqasturi integralis integrandi. ganvixiloT ramodenime 

SemTxveva: 

1. 
n
T

m
T wTwTF =),(  

2. )()(),( TT wfTgwTF =  sadac ∞<)(xg  da f -s gaaCnia pirveli rigis 

ganzogadebuli warmoebuli. 

3. T
T

T LLwTF ,22),( ⊗∈  

daviwyoT pirveli SemTxveviT. 

 

Teorema 6.1. vTqvaT, 
n
T

m
T wTwTF =),( , maSin adgili aqvs warmodgenas: 

       ∫ ℑ+=
T

t
w
txTTT dwwTFEwTFEwTF

0

]'),([)],([),(       (P-T.y.)     (6.1) 

 

damtkiceba: Cven ukve miRebuli gvaqvs 
n
Tw -is martingaluri 

warmodgena. 2.1 Teoremis Tanaxmad (P-T.y.) gvaqvs: 

S
w
S

T

x
n
T

n
T

n
T dwwEwEw ])'[(][

0

ℑ+= ∫ . 

gavamravloT tolobis orive mxare 
mT -ze da gamoviyenoT 

maTematikuri lodinis, stoqasturi integralis pirobiTi maTematikuri 

lodinisa da gawarmoebis operatorebis wrfivobis Tvisebebi. cxadia, rom:          

S
w
S

T

x
n
T

mn
T

mn
T

m dwwTEwTEwT ])'([][
0

ℑ+= ∫      (P-T.y.). 

 

Teorema 6.2. vTqvaT )()(),( TT wfTgwTF = , sadac ∞<)(xg  da f -s 
gaaCnia pirveli rigis ganzogadebuli warmoebuli α/,2 TL -dan, maSin (P-T.y.) 

arsebobs integrali: 

∫ ℑ
T

t
w
txT dwwTFE

0

]'),([  

(sadac '),( xTwTF -iT aRniSnulia ),( xTF  funqciis x -iT warmoebulSi 

Casmuli Twx = ). 

 

damtkiceba: Teoremis dasamtkiceblad sakmarisia vaCvenoT, rom 
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∞<ℑ∫
T

w
txT dtwTFEE

0

2]'),([  

marTlac, iensenis utolobebisa da fubinis Teoremis gamoyenebiT, 

SegviZlia davweroT:  

2 2

0 0

[ ( , ) ' ] { ( , ) '] }
T T

w w
T x t T x tE E F T w dt E E F T w dtℑ ≤ ℑ =∫ ∫  

2 2

0 0

{[ ( , ) '] } [ ( , ) ']
T T

w
T x t T xEE F T w dt E F T w dt= ℑ = =∫ ∫  

2 2

2, 2,
0

( , ) ' ( , ) '
T

x xT T
F T x dt T F T x= ⋅ = ⋅ < ∞∫ .  �  

 

Teorema 6.3. vTqvaT )()(),( TT wfTgwTF = , sadac ∞<)(xg  da 

)
2
10(/,2 <<∈ ααTLf  funqcias gaaCnia pirveli rigis ganzogadebuli 

warmoebuli α/,2 TL -dan, maSin (P-T.y.) samarTliania toloba: 

∫ ℑ+=
T

t
w
txTTT dwwTFEwTFEwTF

0

]'),([)],([),( , 

sadac '),( xTwTF -iT aRniSnulia ),( xTF  funqciis x -iT warmoebulSi Casm-

uli Tx w= . 

 

damtkiceba: jer davamtkicoT Teorema im SemTxvevisTvis, rodesac f  
warmoebadia Cveulebrivi azriT da TLf ,2'∈ . rogorc viciT, am SemTxvevaSi 

moiZebneba polinomTA iseTi mimdevroba ( )nQ x , rom  

0)(')(lim
,2
=−

∞→ TLnn
xfxQ . 

SemoviRoT polinomTa axali mimdevroba: 

∫+=
x

nn dyxQfxP
0

)()0(:)( , 

maSin gasagebia, rom: 

0)()(lim
,2
=−

∞→ TLnn
xfxP . 

cxadia agreTve, rom nebsmieri T -Tvis: 

0)(')()()(lim
/,2
=−

∞→ αTLnn
xfTgxQTg  

da  

0)()()()(lim
/,2
=−

∞→ αTLnn
xfTgxPTg . 

 

2.2 Teoremis safuZvelze (Tu (2.2) tolobis orive mxares 

gavamravlebT )(Tg -ze) maTematikuri lodinis, stoqasturi integralis, 

pirobiTi maTematikuri lodinisa da gawarmoebis operatorebis 

wrfivobis Tvisebebis gamoyenebiT miviRebT, rom: 

   ∫ ℑ+=
],0(

}')]()[({)]()([)()(
T

t
w
txTnTnTn dwwPTgEwPTgEwPTg         (P-T.y.). 
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D davamtkicoT, rom ukanaskneli warmodgenis marcxena mxare 

miiswrafis (6.1) warmodgenis marcxena mxarisken.Kkrebadoba vaCvenoT 2L -Si. 

marTlac gvaqvs: 

=−=− ∫
+∞

∞−

−
dxexPxf

T
TgwPTgwfTgE T

x

nTnT
22

2
2

2

)]()([
2

)()]()()()([
π

 

0)()(
2

)( 2
2

,2
⎯⎯ →⎯−= ∞→n

Ln
T

xPxf
T

Tg
π

. 

aRniSnulidan gamomdinareobs warmodgenis marjvena mxareSi myofi 

pirveli wevris krebadobac Sesabamisi wevrisken. vaCvenoT meore 

SesakrebSi myofi wevrebis krebadoba. iensenis utolobis, stoqasturi 

integralis, pirobiTi maTematikuri lodinisa da maTematikuri lodinis 

Tvisebebis gamoyenebiT miviRebT: 

=ℑ−∫ 2

0

]})()()(')({[
T

t
w
tTnT dwwQTgwfTgEE  

≤ℑ−= ∫ ]})()('{[)(
0

22
T

w
tTnT dtwQwfEETg  

=ℑ−≤ ∫ ]})]()('{[[)(
0

22
T

w
tTnT dtwQwfEETg  

=−= ∫ dtwQwfETg
T

TnT
0

22 )}()('{)(  

=−= ∫
T

Ln dtxQxfTg
T

0

22

,2
)()(')(  

0)()(')( 22

,2
⎯⎯ →⎯−⋅⋅= ∞→n

Ln
T

xQxfTgT . 

 yovelive zemoT miRebulis gaTvaliswinebiT vaskvniT, rom Teorema 

samarTliania, Tu f  warmoebadia klasikuri azriT. 

 

 vTqvaT, axla f  funqcia, )
2
10(/,2 <<∈ ααTLf   gaaCnia pirveli rigis 

ganzogadebuli warmoebuli amave sivrcidan. maSin ganmartebulia misi 

sobolevis saSuali (ix $1). SemoviRoT es funqcia: 

1( ) ( )y xf x f y dyε ε κ ζ
ε

∞
−

−∞

−⎛ ⎞= ⎜ ⎟
⎝ ⎠∫ . 

rogorc aRniSnuli iyo, am SemTxvevaSi gvaqvs: 

0)()( 0
/,2

⎯⎯→⎯− →ε
αε T

xfxf , 

0)(')(' 0
/,2

⎯⎯→⎯− →ε
αε T

xfxf . 

cxadia agreTve, rom nebismieri T -Tvis adgili aqvs Tanafardobebs: 

0)()()()( 0

,2
⎯⎯→⎯− →ε

ε
TL

xfTgxfTg , 

0)(')()(')( 0

,2
⎯⎯→⎯− →ε

ε
TL

xfTgxfTg . 

vinaidan )(xfε  gluvi funqciaa, amitom ukve damtkicebulis Tanaxmad 

igi akmayofilebs (6.1) warmodgenas: 
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    ∫ ℑ+=
T

t
w
txSTT dwwfTgEwfTgEwfTg

0

]')()([)]()([)()( εεε .    (P-T.y.)    (6.2) 

davamtkicoT ukanaskneli warmodgenis TiToeuli wevris krebadoba 

(6.1) warmodgenis Sesabamisi wevrisken saSualo kvadratuli azriT. gvaqvs: 

≤−=− ∫
+∞

∞−

−
dxexfxf

T
TgwfTgwfTgE T

x

TT
22

2
2

2

)]()([
2

)()]()()()([ εε π
 

0)()(
2

)()]()([
2

)( 2
2

/22
2

/,2

2

⎯⎯ →⎯−=−≤ ∞→
+∞

∞−

−

∫ ε
ε

α
ε

αππ TL
T
x

xfxf
T

Tgdxexfxf
T

Tg
. 

miRebulidan gamomdinareobs warmodgenis marjvena mxareSi myofi 

pirveli wevris krebadobac Sesabamisi wevrisken. vaCvenoT meore 

SesakrebSi myofi wevrebis krebadoba. iensenis utolobis, stoqasturi 

integralis, pirobiTi maTematikuri lodinisa da maTematikuri lodinis 

Tvisebebis gamoyenebiT miviRebT: 

2

0

[ { ( ) '( ) ( ) '( ) } ]
T

w
T T t tE E g T f w g T f w dwε− ℑ =∫  

2 2

0

( ) [ { '( ) '( ) } ]
T

w
T T tg T E E f w f w dtε= − ℑ ≤∫  

=−=ℑ−≤ ∫∫ dtwfwfETgdtwfwfEETg
T

TT

T
w
tTT

0

22

0

22 )}(')('{)(]})](')('{[[)( εε  

0
2

)()(')('
2

)()(')('
2

2

0

2
2

/,2,2
⎯⎯ →⎯−≤−= ∞→∫ ε

εε ππ α T
TgxfxfTdt

T
Tgxfxf

TT L

T

L
. 

amiT damtkiceba dasrulebulia.  �  
 

 SemoviRoT norma:  

                           ∫
∞

∞−

−

⊗
= dx

T
exTFxTF

T
x

LL T π2
),(),(

2
2

2

,22
.             (6.3) 

 

 ganmarteba: avRniSnoT TLL ,22 ⊗  simboloTi banaxis sivrce, romelic 

miiReba )()( xfTg  tipis ori cvladis funqciebis (sadac ),(2 ∞−∞∈ Lg  da 

TLf ,2∈ ) wrfivi kombinaciebis gasrulebiT (6.3) normis mimarT.  

  

Teorema 6.4. Tu α/,2,2),( TLLxTF ⊗∈  funqcias gaaCnia pirveli rigis 

warmoebuli α/,2,2)',( Tx LLxTF ⊗∈ , maSin qvemoTmoyvanili stoqasturi integ-

rali arsebobs da adgili aqvs warmodgenas: 

                 ∫ ℑ+=
],0(

]'),([)],([),(
T

t
w
txTTT dwwTFEwTFEwTF       (P-T.y.) 

 

 damtkiceba: stoqasturi integralis arseboba mtkicdeba 3.1 Teorema-

sa da 5.1 TeoremaSi moyvanili msjelobebis analogiurad. 

radgan α/,22)',( Tx LLxTF ⊗∈ , maSin moiZebneba  
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                 ∑
=

=
n

k
kkkn xfTgcxTG

1

)()(),(   

iseTi, rom  

                      0),(),(
/,22

⎯⎯ →⎯− ∞→
⊗

n
LLn

T
xTFxTG

α
. 

SemoviRoT funqcia 

∫+=
x

nn dyyTGTFxTF
0

),()0,(:),( . 

maSin vinaidan  

∫+=
x

y dyyTFTFxTF
0

)]',([)0,(),( , 

amitom helderis utolobis gamoyenebiT vRebulobT, rom: 

2 2,

2 2,

2
2

0

( , ) ( , ) { ( , ) [ ( , )]' }
T

T

x

n n yL L
L L

F T x F T x G T y F T y dy
⊗

⊗

− = − =∫  

2
2

2

0

( , ) [ ( , )]'
2

x
x T

n y
eG T y F T y dy dx

Tπ

−∞

−∞

⎛ ⎞
= − ≤⎜ ⎟

⎝ ⎠
∫ ∫  

( )
2

2
2

0

1 ( , ) [ ( , )]'
2

x x
T

n yx G T y F T y dy e dx
Tπ

∞
−

−∞

⎧ ⎫⎪ ⎪≤ − =⎨ ⎬
⎪ ⎪⎩ ⎭

∫ ∫  

( )
2 2 2

2
2 / 2 / 2

0

1 ( , ) [ ( , )]'
2

x y y x
T T T

n yx G T y F T y e e dy e dx
T

α α

π

∞
− −

−∞

⎧ ⎫⎪ ⎪= − ≤⎨ ⎬
⎪ ⎪⎩ ⎭

∫ ∫  

( )
2 2 2

2
2 / 2 / 2

0

1 ( , ) [ ( , )]'
2

x y x x
T T T

n yx G T y F T y e e dy e dx
T

α α

π

∞
− −

−∞

⎧ ⎫⎪ ⎪≤ − =⎨ ⎬
⎪ ⎪⎩ ⎭

∫ ∫  

( )
2 2(1 )

2
2 / 2

0

1 ( , ) [ ( , )]'
2

x y x
T T

n yx G T y F T y e dy e dx
T

α
α

π

∞ −− −

−∞

⎧ ⎫⎪ ⎪= − =⎨ ⎬
⎪ ⎪⎩ ⎭

∫ ∫  

( )
2

2 2, /

(1 )2
2( , ) [ ( , )]' 0

T

x
nT

n y L L
G T y F T y x e dx

α

α∞ −
− →∞

⊗
−∞

= − ⎯⎯⎯→∫ . 

meores mxriv, vinaidan gancalebadi funqciebisaTvis Cven ukve 

miRebuli gvaqvs (6.1) tipis stoqasturi integraluri warmodgena, amitom 

maTematikuri lodinis, stoqasturi integralisa da pirobiTi maTema-

tikuri lodinis wrfivobis gamo, aseTi ),( xTFn  funqciebisTvis Cven 

gveqneba Semdegi warmodgena. 

             ∫ ℑ+=
],0(

]'),([)],([),(
T

t
w
txTnTnTn dwwTFEwTFEwTF .      (P-T.y.)   (6.4) 

 davamtkicoT (6.4) warmodgenis marcxena mxaris krebadoba (6.1) 

warmodgenis marcxena mxarisken saSualo kvadratuli azriT. gvaqvs: 
2

2 2 21[ ( , ) ( , )] [ ( , ) ( , )]
2

x
T

n T T nE F T w F T w F T x F T x e dx
Tπ

+∞
−

−∞

− = − =∫  

0),(),( 2

,22
⎯⎯ →⎯−= ∞→

⊗
n

LLn
T

xTFxTF . 
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miRebuli Tanafardobidan gamomdinareobs warmodgenis marjvena 

mxareSi myofi pirveli wevris krebadobac Sesabamisi wevrisken. vaCvenoT 

meore SesakrebSi myofi wevrebis krebadoba. iensenis utolobis, 

stoqasturi integralis, pirobiTi maTematikuri lodinisa da 

maTematikuri lodinis cnobili Tvisebebisa da fubinis Teoremis 

gamoyenebiT miviRebT, vRebulobT, rom: 

≤ℑ−=ℑ− ∫∫ ]})',()',({[]})',()',({[
0

22

0

T
w
txTxTn

T

t
w
txTxTn dtwTFwTFEEdwwTFwTFEE  

=−=ℑ−≤ ∫∫ dtwTFwTFEdtwTFwTFEE
T

xTxTn

T
w
txTxTn

0

2

0

2 })',()',({]}])',()',({[[  

   

2

2 2,

2 22

0 0

[ ( , ) ' ( , ) ' ] ( , ) ' ( , ) '
2 T

x
T TT

n x x n T x T x L L

eF T x F T x dx dt F T w F T w dt
Tπ

−∞

⊗
−∞

⎧ ⎫
⎪ ⎪= − = − ≤⎨ ⎬
⎪ ⎪
⎩ ⎭
∫ ∫ ∫  

                0)',()',( 2

/,2,2
⎯⎯ →⎯−⋅≤ ∞→

⊗
n

LLxxn
TT

xTFxTFT
α

. 

yovelive zemoTTqmulidan gamomdinare Cven vrwmundebiT Teoremis 

samarTlianobaSi.  �  
 3.3, 5.4-sa da 6.3 TeoremebSi moyvanili msjelobis analogiurad Cven 

SegviZlia davrwmundeT Semdegi Teoremis samarTlianobaSi: 

 

 Teorema 6.5. Tu )10(),( /,22 <<⊗∈ ααTLLxTF  funqcias yoveli 

fiqsirebuli T -saTvis gaaCnia pirveli rigis ganzogadebuli warmoebuli 

x -is mimarT ( , )xF T x∂ , iseTi, rom 2 2, /( , )x TF T x L L α∂ ∈ ⊗ , maSin qvemoTmoyvanili 

stoqasturi integrali ganmartebulia da adgili aqvs stoqastur 

integralur warmodgenas: 

                 
(0, ]

( , ) [ ( , )] [ ( , ) ]w
T T x T t t

T

F T w E F T w E F T w dw= + ∂ ℑ∫ .      (P-T.y.) 

 

 SeniSvna: analogiuri Teorema samarTliani iqneba, roca ),( xTF  aris 

mravali cvladis funqcia x -is mimarT (Sesabamisad ganmartebuli 

α/,22 TLL ⊗  sivrcis analogisTvis). 

 

 sainteresoa ra tipis funqciebia Cvens mier SemoRebul klasSi. 

aRsaniSnavia, rom TLL ,22 ⊗  sakmaod farTo klasia. samarTliania Semdegi: 

 

Teorema 6.6. Tu ),( xTF  funqcia uwyvetia T -Ti fiqsirebuli x -
saTvis da 2,( , ) TF T x L∈  fiqsirebuli T -saTvis, maSin TLLxTF ,22),( ⊗∈ . 

 

 damtkiceba: avagoT funqcia: 

              ∑
−

=

+=
+

1

}0{],( )(),0()(),(),(
1

n

ok
TT

n
kn TIxFTIxTFxTF

kk
 

sadac [0, ]T  intervalis }...0{ 10 TTTT n
n

nn
n =<<<==Π  dayofaTa mimdevroba 

iseTia, rom 0max 110
⎯⎯ →⎯− ∞→

+−≤≤

nn
k

n
knk

TT . 
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 zogadobis SeuzRudavad vigulisxmoT, rom ),( xTF  SemosazRvrulia 

∞<≤ cxTF ),( . (winaaRmdeg SemTxvevaSi gadavalT ),(),(),()( xTxTFxTF NN χ= , 

sadac 

1, ( , ) ;
( , )

0, ( , ) .
N F T x N

T x
F T x N

χ
⎧ ≤⎪= ⎨ >⎪⎩

 

da maSin ),(),( 2)( XTFTF LN ⎯→⎯ ). 

 nΠ  danawilebis rolSi SesaZlebelia aviRoT iseTi danawileba, 

rom    

⎟
⎠
⎞

⎜
⎝
⎛= x

n
kTFxTFn ,),( , roca 

n
TkT

n
kT )1( +

≤≤ . 

 maSin lebegis Teoremis Sesaxeb maJorirebadi krebadobis Sesaxeb, 

gvaqvs:   ),(),( 2 xTFxTF L
n ⎯→⎯ , roca ∞→n . 

 vinaidan ),( xTFn  aris gancalebadi funqciebis wrfivi kombinacia, 

amitom TLL ,22 ⊗  sivrcis ganmartebis Tanaxmad, TLLxTF .22),( ⊗∈ .  �  
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T a v i   m e o r e 

 

$ 1 
damxmare debulebebi 

 

 

 vTqvaT 0( , , ( ) , )t t≤ ≤∞Ω ℑ ℑ Ρ  standartuli albaTuri sivrcea, xolo tN -

masze gansazRvruli standartuli puasonis procesia: 
t

n

t e
n
tnN −==Ρ

!
)( , 

n =0,1,2,. . . 
 GaRvniSnoT ( )n tµ  simboloTi puasonis procesis n -uri rigis momen-
ti ( ) : ( )n

n tt E Nµ = . 

  

lema 1.1.   tN  puasonis procesis −n uri rigis momentisTvis )1( ≥n  

samarTliania Semdegi rekurentuli warmodgena: 

                              ∑
−

=
−=

1

0
1 )()(

n

i
i

i
nn tCtt µµ                           (1.1)    

 damtkiceba:       

1

0 1
( )

! ( 1)!

x x
n t n t

n
x x

t tt x e x e
x x

µ
∞ ∞

− − −

= =

= = =
−∑ ∑  

1 11
1

1
1 1 0
( 1 1) ( 1)

( 1)! ( 1)!

x xn
n t i i t

n
x x i

t tt x e t C x e
x x

− −∞ ∞ −
− − −

−
= = =

= − + = − =
− −∑ ∑∑  

11 1

1 1
0 1 0

( 1) ( )
( 1)!

xn n
i i t i
n n i

i x i

tt C x e t C t
x

µ
−− ∞ −

−
− −

= = =

= − =
−∑ ∑ ∑ .  �  

  

Sedegi 1.1. tN  puasonis procesis −n uri rigis momenti aris −n uri 

rigis polinomi t -s mimarT. 

 D 

damtkiceba: vinaidan ttNE t == )(][ 1µ , Sedegis sisworeSi advilad 

davrwmundebiT maTematikuri induqciis meTodis safuZvelze 1.1 lemis 

gaTvaliswinebiT.  �  
  

lema 1.2   tN  puasonis procesis −n uri rigis momenti )1( ≥n  gamo-

iTvleba formuliT:  

                              ∑
=

=
n

k

k
kn tat

0

)(µ , 

sadac mravalwevris ka  koeficientebi gamoiTvleba rekurentuli Tanafa-

rdobebiT:  

                             00 =a , 

                       ∑
−

= −
−=

1

0 )!(!

k

i

i
n

k ik
a

k
ka ,   ,...2,1=k n .                 (1.2)  
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 damtkiceba:  1.1 Sedegis Tanaxmad:  

∑
=

=
n

k

k
kn tat

0

)(µ . 

meores mxriv, maTematikuri lodinis ganmartebis safuZvelze, gvaqvs: 

0

0

0

!( ) ( )
!

!

x
n

x
n n t x

n t i
x

i

tx
t xt E N x e

tx
i

µ

∞

∞
− =

∞
=

=

= = =
∑

∑
∑

. 

 amitom SegviZlia davweroT, rom: 

∑ ∑ ∑
∞

= =

∞

=

⋅=
0 0 0 !!x

n

k i

i
k

k

x
n

i
tta

x
tx . 

Tu ukanasknel TanafardobaSi visargeblebT mwkrivebis gamravlebis 

wesiT da  miRebuli tolobis orive mxareSi −t s toli xarisxis mqone 

koeficientebs erTmaneTs gavutolebT, advilad davinaxavT, rom adgili 

aqvs tolobebs: 

                         00 =a ; 

                         110 =+ aa ; 

                         
!2

2
!2 21
0

n

aa
a

=++ ; 

                         KKKKKKKKKKKKKKKK  

           
!!)!1(

...
!1!0

011

k
k

k
a

k
aaa n

kk =+
−

+++ − , 1,2,...,k n= . 

am sistemis amoxsnis Sedegad vRebulobT, rom:  

                   00 =a ; 

                         11 =a ; 

                         2 1
2

!

n

a a
n

= − ; 

                         KKKKKKKKKKKKKKKK  

                         ∑
−

= −
−=

1

0 )!1(!

k

i

i
n

k k
a

k
ka , .,...,2,1 nk =   �  

 aRvniSnoT tM  simboloTi kompensirebuli puasonis procesi, 

tNM tt −=: . kompensirebuli puasonis procesi −n uri rigis momenti aRvni-

SnoT ( )n tν  simboloTi, ( ) : ( )n
n tt E Mν = .  

 

lema 1.3.   kompensirebuli puasonis procesis −n uri rigis momenti 

akmayofilebs Semdeg rekurentul gantolobebs: 

                        ∑
−

=
−=

2

1
1 )()(

n

i
i

i
nn tCtt νν   2≥n ;                       (1.3) 

                        1)(0 =tν ;   

                        0)(1 =tν . 
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 damtkiceba: maTematikuri lodinis ganmartebisa da noutonis bino-

mis formulis safuZvelze advili dasanaxia, rom samarTliania Semdegi 

gadasvlebi:    

0
( ) ( ) ( ) ( )

!

k
n n n t

n t t
k

tt E M E N t k t e
k
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−
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1 1
0 0
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mn
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n n
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tt C m t e t t
m

ν
− ∞

−
− −

= =

= − − =∑ ∑  

∑∑
−

=
−−

−

=
− =−=

2

0
11

1

0
)()()(

n

i
i

i
nn

n

i
i

i
in tCttttCt ννν ; 

0
0 ( ) ( ) (1) 1tt E M Eν = = = ; 

1( ) ( ) ( ) 0t tt E M E N t t tν = = − = − = .  �  

 

 aRvniSnoT x  namdvili ricxvis mTeli nawili [ ]x  simboloTi. 

lema 1.4.   kompensirebuli puasonis procesis −n uri rigis momenti 

)1( ≥n  warmoadgens [ / 2]n  rigis polinoms −t s mimarT:  

                               
[ / 2]

0

( )
n

n k
n k

k

t a tν
=

= ∑ ,                            (1.4) 

sadac koeficientebi akmayofileben Semdeg rekurentul Tanafardobebs: 

                      ∑ ∑
=+

−

=

−

−
−−=

kji

k

i

n
i

in
i
n

in
k ik

a
j

jCa
1

0 )!(!
)1( ,  2 [ / 2]k n≤ ≤ ;   

                                 10 =a ;                                 (1.5) 

                                 01 =a .      

  

Ddamtkiceba: vinaidan 01 =ν , t== 32 νν , amitom debuleba samarT-

liania 1, 2n =  da 3 -is SemTxvevaSi. davuSvaT, rom igi samarTliania mn = -

saTvis da SevamowmoT, rom samarTliani iqneba ( 1)n m= + -is SemTxvevaSi. 

gvaqvs:  
[ / 2]

0
( )

m
m k

m k
k

t a tν
=

= ∑ . 

amitom 1.3 lemis Tanaxmad, Tu visargeblebT TanafardobiT   

[( 1) / 2] [( 1) / 2] 1m m+ = − + , 

miviRebT, rom: 

                
[( 1) / 2] [( 1) / 2][ / 2]1

1 1
0 0 0 0

( )
m mim

i i k i k
m m k i k

i k i k
t t C a t t b t b tν

− +−

+ −
= = = =

= = =∑ ∑ ∑ ∑ . 

Sesabamisad, maTematikuri induqciis meTodis safuZvelze (1.4) 

Tanafardoba samarTliania nebismieri n -saTvis. 
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 meores mxriv, maTematikuri lodinis ganmartebis Tanaxmad, gvaqvs: 

[ / 2]
0

0 0

0
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!( ) ( ) ( )

!
!

k
n

k n
n n t n kk

n t ki
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i

tk t
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i

ν

∞

∞
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∞
= =

=

−
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∑
∑ ∑

∑
, 

saidanac SegviZlia davweroT, rom:          
[ / 2]

0 0 0
( )

! !

k i n
n n t

k
k i k

t tk t a t
k i

∞ ∞

= = =

− = ⋅∑ ∑ ∑ . 

Tu axla visargeblebT niutonis binomis formuliTa da mwkrivebis 

gamravlebis wesiT, da gadamravlebis Semdeg miRebuli  tolobis orive 

mxareSi t -s toli xarisxis mqone koeficientebis gatolebis Sedegad 

advilad davinaxavT, rom (1.4) warmodgenaSi monawile  
n
ka  koeficientebi 

akmayofileben (1.5) Tanafardobebs.  �  
  

Sedegi 1.2.   ∑∑
−

==+

−

−
−−=

1

0 )!(!
)1(

n

i

n
i

kji

in
i
n

in
k ik

a
j

jCa  rekurentuli gantolebis 

amonaxsnia 0=n
ka , Tu [ / 2]n k n< ≤ . 

  

lema 1.5.   kompensirebuli puasonis procesis −n uri rigis momenti 

)(tnν ( 2)n ≥  akmayofilebs Semdeg diferencialur gantolobas:        

∑
−

=

=
2

0

)(
)( n

k
k

k
n

n tC
dt

td
ν

ν
. 

 

 damtkiceba:   ganmartebis Tanaxmad:  

∑
∞

=

−−=
0 !

)()(
k

t
k

n
n e

k
ttktν . 

 

 cxadia, rom: 

∑∑
∞

=

−−
∞

=

− +−−=⎥
⎦

⎤
⎢
⎣

⎡
−=

0

1

0 !
)(

!
)(

)(
k

t
k

n

k

t
k

nn e
k
ttkne

k
ttk

dt
d

dt
tdν
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1 0

1

:
!

)(
!

)( IIIe
k
ttke

k
tktk t

k k

k
nt

k
n ++=−−−+ −

∞

=

∞

=

−
−

∑ ∑ . 

 advili dasanaxia, rom ukanaskneli Tanafardobis TiToeuli Sesak-

rebi gadaiwereba Semdegnairad: 

1
1 1

0
: ( ) ( )

!

k
n t

n
k

tI n k t e n t
k

ν
∞

− −
−

=

= − − = −∑ ; 

1 1

2
1 1

: ( ) ( 1 1)
( 1)! ( 1)!

k k
n t n t

k k

t tI k t e k t e
k k

− −∞ ∞
− −

= =

= − = − − + =
− −∑ ∑  

∑∑
∞

= =

− =
−

−−=
1 0 )!1(

)1(
k

n

i

t
k

ii
n e

k
ttkC  

1

0 1 0
( 1 ) ( )

( 1)!

kn n
i i t i
n n i

i k i

tC k t e C t
k

ν
−∞

−

= = =

= − − = =
−∑ ∑ ∑  
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2

1
0

( ) ( ) ( )
n

i
n i n n

i

C t n t tν ν ν
−

−
=

= + +∑ ; 

3
0

: ( ) ( )
!

k
n t

n
k

tI k t e t
k

ν
∞

−

=

= − − = −∑ . 

YO yovelive zemoT miRebulis gaerTianebiT vaskvniT, rom lemis mtkic-

ebuleba samarTliania.  �  
 

lema 1.6. kompensirebuli puasonis procesisTvis n -uri xarisxisTvis  

( 2≥n ) samarTlinia Semdegi integraluri warmodgena: 

               ∫ ∑∫
=

−
−

−
− +=

t n

i

t

s
in

s
i
ns

n
s

n
t dNMCdMMnM

0 2 0

1 .         (P-T.y.). 

 

damtkiceba:  itos formulis Tanaxmad SegviZlia davweroT, rom: 

)( 1

0

1
s

n
s

n
s

t

ts

n
ss

n
s

n
t MnMMMdMMnM ∆−−+= −

−−
≤

−
−∫ ∑ . 

niutonis binomis formulis safuZvelze SegviZlia davweroT, rom 

samarTliania Tanafardoba:  

                ∑
=

−− −=−−−
n

i

inii
n

nnn bbaCbbanba
2

1 )()( .                (1.6) 

Sesabamisad, 
n
tM  SeiZleba gadavweroT Semdegi saxiT; 

=∆+= −
−

≤ =

−
−∫ ∑∑ in

s

t

ts

i
s

n

i

i
ns

n
s

n
t MMCdMMnM

0 2

1  

=+= −
−

≤ =

−
−∫ ∑∑ s

in
s

t

ts

n

i

i
ns

n
s dNMCdMMn

0 2

1  

s
in

s

t t n

i

i
ns

n
s dNMCdMMn −

−
=

−
−∫ ∫∑+=

0 0 2

1 .   �    

aRvniSnoT ( 0)M
t tℑ ≥  simboloTi tM  kompensirebuli puasonis 

procesis P  zomis mimarT gasrulebuli σ -algebraTa sakuTari nakadi: 

: { : 0 }M
t sM s tσℑ = ≤ ≤ . 

 

lema 1.7. t tM N t= − puasonis kompensirebuli procesis n -uri xaris-

xis [ ]n M
t sE M ℑ  pirobiTi maTematikuri lodinisaTvis ( st ≤ ) adgili aqvs 

Semdeg warmodgenas: 

                  
0

[ ] ( )
n

n M i i
t s n n i s

i
E M C t s Mν −

=

ℑ = −∑ , ( st ≤ ).      (P-T.y.). 

 
damtkiceba: kompensirebuli puasonis procesisa da pirobiTi maTema-

tikuri lodinis cnobili Tvisebebis ZaliT, niutonis binomis formulis 

safuZvelze,  SegviZlia davweroT, rom:  

[ ] [( ) ]n M n M
t s t s s sE M E M M Mℑ = − + ℑ =  
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0 0

[ ( ) ] [ ( ) ]
n n

i i n i M i i n i M
n s t s s s n t s s

i i

E C M M M M E C M M− −

= =

= − ℑ = − ℑ =∑ ∑  

0 0
[ ( ) ] ( )

n n
i i n i i i
s n t s n n i s

i i
M E C M M C t s Mν−

−
= =

= − = −∑ ∑ . �  

 

 Teorema 1.1.  davuSvaT, rom ),( yxf  aris 
2R -ze gansazRvruli, TiTqm-

is yvelgan nulisagan gansxvavebuli, arauaryofiTi zomadi funqcia, 

romelic garkveuli 0>δ  ricxvisTvis da nebismieri 
2),( Ryx ∈ -Tvis 

akmayofilebs pirobas 
)(),( yxCeyxf +−≤ δ
. maSin funqciaTa sistema 

{ } ,...)2,1,0,(),( == mnyxfyxE mn
 srulia )( 2

2 RL -Si. 

 

damtkiceba: davuSvaT { }),( yxfyxE mn=  sistema ar aris sruli. maSin 

xani_banaxis Teoremis ZaliT moioZebneba iseTi aranulovani funqcia 

),(2 +∞−∞∈ Lh , rom  

( , ) ( , ) 0, , 0,1,2,...n mx y f x y h x y dxdy n m
+∞ +∞

−∞ −∞

= ∀ =∫ ∫ . 

vinaidan )(, 2
2 RLfh ∈ , cxadia, rom )( 2

1 RLfh∈ . davuSvaT, rom g  aris 

fh  funqciis furies gardaqmna, e.i. 

∫ ∫
+∞

∞−

+∞

∞−

+−= dxdyeyxhyxfg yxi )(
21

21),(),(),( λλλλ . 

maSin cxadia  

∫ ∫
+∞

∞−

+∞

∞−

+−
+

=
∂∂

∂
dxdyeyxhyxfyx

g yximn
mn

mn
)(

21

21 21),(),(
),( λλ

λλ
λλ

. 

davuSvaT, rom 1λ  da 2λ  aris kompleqsuri, anu  

)Im()Re( 111 λλλ +=  da )Im()Re( 222 λλλ += . 

maSin cxadia, rom  

=+++=+ )Im()Re()Im()Re( 221121 λλλλλλ iyyixxyx  

))Im()Im(())Re()Re(( 2121 λλλλ yxiyx +++= . 

Sesabamisad, SegviZlia davweroT, rom: 

1 2( )
1 2( , ) ( , ) ( , ) i x yg f x y h x y e dxdyλ λλ λ

+∞ +∞
− +

−∞ −∞

= =∫ ∫  

1 2 1 2( Re( ) Re( )) ( Im( ) Im( ))( , ) ( , ) i x y x yf x y h x y e λ λ λ λ
+∞ +∞

+ − +

−∞ −∞

= ∫ ∫ . 

Tu δδλ << 01Im  da δδλ << 02Im , maSin ),( 21 λλg  analizuria 

{ } { }022011 Im,Im, δλλδλλ <×<  simravleze. 

 ganvixiloT 021 == λλ  SemTxveva, maSin  

1 2

(0,0) 0, , 1,2,...
n m

n m

g n m
λ λ

+∂
= ∀ =

∂ ∂
. 

zemoT Tqmulidan gamomdinare SegviZlia davaskvnaT, rom 

0),(),( =⋅ yxhyxf  TiTqmis yvelgan. meores mxriv, vinaidan f  TiTqmis yve-
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lgan nulisagan gansxvavebulia, aqedan davaskvniT, rom 0),( =yxh  TiTqmis 

yvelgan, rac  ewinaaRmdegeba Cven daSvebas. Sesabamisad, Teoremis debu-

leba samarTliania.  �  
 

davuSvaT, rom 'X  da ''X  simravleebze ganmartebulia zomebi 'µ  da 

''µ . Sesabamisi kvadratiT integrebad funqciaTa sivrceebi aRvniSnoT '2L  

da ''2L  simboloebiT. am simravleTa dekartul namravlze 

                              ''' XXX ×=  
ganvixiloT zoma: 

                               ''' µµµ ⊗=  

da aRvniSnoT 2L  simboloTi misi Sesabamisi kvadratiT integrebad 

funqciaTa sivrce. am sivrcis funqciebi CavweroT rogorc ori cvladis 

funqciebi. 

 

Teorema 1.2 (ix. Колмогоров, Фомин 1989, Teorema VII.3.1). Tu }{ mϕ  da 

}{ nψ  sruli orTonormirebuli sistemebia Sesabamisad '2L -sa da ''2L  sivr-

ceebSi, maSin yvela namravlTa sistema 

)()(),( yxyxf nmmn ψϕ=  

aris sruli orTonormirebuli sistema 2L -Si.  �  
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$ 2 

erTi cvladis puasonis polinomialuri 

funqcionalebis 

 stoqasturi integraluri warmodgena 

 
 

vTqvaT, 0( , , ( ) , )t t≤ ≤∞Ω ℑ ℑ Ρ  standartuli albaTuri sivrcea, xolo tN -

masze gansazRvruli standartuli puasonis procesia: 
t

n

t e
n
tnN −==Ρ

!
)( , 

0,1,...n = . rogorc cnobilia,  kompensirebuli puasonis procesi, 

tNM tt −=:  warmoadgens normalur martingals. Cveni mizania, vineris 

funqcionalebisaTvis pirvel TavSi damtkicebuli martingaluri warmod-

genis Teoremebis analogiuri Teoremebi davamtkicoT amjerad kompen-

sirebuli puasonis funqcionalebisTvis. 

 

sanam moviyvandeT warmodgenis zogad Teoremas, moviyvanoT ori mag-

aliTi. 

M magaliTi 2.1.  samarTliania Semdegi warmodgena: 

        
2

(0, ]

( ) (1 2 )T T s s
T

M E M M dM−= + +∫ .      (P-T.y.). 

SemoviRoT SemTxveviTi procesi: ][: 2
tTt MEX ℑ= . puasonis procesis 

nazrdebis warsulisagan damoukideblobis, stacionarulobisa da 1.4 lem-

is  Tanaxmad SegviZlia davweroT, rom:     

+−=ℑ+−= ])[(])[( 22
tTtttTt MMEMMMEX  

22)(2 tttTT MtTMMMEM +−=+−+ . 

 1.6 lemis safuZvelze, Tu ukanasknel warmodgenaSi CavsvamT 
2
tM -is 

integralur warmodgenas  

∫∫ += −
],0(],0(

2 2
t

s
t

sst dNdMMM  

miviRebT, rom: 

∫ ∫ −− ++=++−=
],0( ],0(

22
t t

ssttsst dMMMTNdMMtTX . 

Tu axla gaviTvaliswinebT, rom TME T =][ 2
 da 

2
TT MX =  , maSin ukana-

skneli Tanafardobidan, davinaxavT, rom: 

∫ −++=
],0(

22 )21(][
T

ssTT dMMMEM .  �  

SeniSvna 2.1. miRebuli warmodgena aris klarkis formulis analogi 

kompensirebuli puasonis procesis kvadratisTvis (vineris procesis 

SemTxvevaSi gvqonda, rom: 
2

(0, ]

( ) 2T T s s
T

w E w w dw= + ∫ ). 

M 

magaliTi 2.2. analogiuri msjelobiT miiReba warmodgena kompensir-

ebuli puasonis procesis mesame xarisxisTvis: 
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3 3 2

(0, ]

( ) [1 3( ) 3 3 ]T T s s s
T

M E M T s M M dM− −= + + − + +∫ . 

SemoviRoT aRniSvna ][: 3
tTt MEX ℑ= . maSin puasonis procesis cnobili 

Tvisebebisa da 1.4 lemis safuZvelze vwerT:  

+−=ℑ+−= ])[(])[( 33
tTtttTt MMEMMMEX  

2 2 33 ( ) 3 ( )T T t T T t tM E M M M E M M M+ − + − + =  
33 ( )T tT t M T t M= − + − + . 

 meores mxriv, 1.6 lemis Tanaxmad gvaqvs: 

∫∫∫ ++= −−
],0(],0(],0(

23 33
t

s
t

ss
t

sst dNdNMdMMM . 

amitom cxadia, rom: 

∫∫∫∫∫ +++−−+−= −−−
],0(],0(],0(

2

],0(],0(

333)(3
t

s
t

ss
t

ss
t

s
t

st dNdNMdMMdsMdMtTtTX . 

Tu axla gaviTvaliswinebT, rom TME T =][ 3
 da 

3
TT MX =  miviRebT: 

3 3 2

(0, ]

( ) [1 3( ) 3 3 ]T T s s s
T

M E M T s M M dM− −= + + − + +∫ .  �  

 SeniSvna 2.2. SedarebisaTvis vineris procesis SemTxvevaSi gvaqvs: 
3 3 2

(0, ]

( ) [3( ) 3 ]T T s s
T

w E w T s w dw= + − +∫ . 

Teorema 2.1. yoveli 1≥n  naturaluri ricxvisTvis samarTliania  

warmodgena: 

    
1 1 (0, ]

( ) ( )
n k

n n k i k i
T T n k s n k s

k i T

M E M C C M T s dMν−− −
= =

= + −∑ ∑ ∫    (P-T.y.)     (2.1) 

 

damtkiceba: sinamdvileSi 1=n -is SemTxvevaSi (2.1) warmodgena 

trivialuria, xolo 2=n  da 3=n  SemTxvevebisTvis gvaqvs 2.1 da 2.2 

magaliTebi. amitom ganvixiloT 4≥n  SemTxveva. gamovTvaloT  

][: t
n
Tt MEX ℑ=  pirobiTi maTematikuri lodini. niutonis binomis formu-

lis Tanaxmad SegviZlia davweroT: 

])([])[(][:
0
∑
=

− ℑ−=ℑ+−=ℑ=
n

k
t

k
t

kn
tT

i
nt

n
ttTt

n
Tt MMMCEMMMEMEX . 

puasonis procesisa da pirobiTi  maTematikuri  lodinis  cnobili   

Tvisebebis safuZvelze miviRebT warmodgenas: 

      
2

0 1
( ) ( ) ( )

n n
i k k k n

t n n k t n n t n k t
k k

X C T t M T t C M T t Mν ν ν
−

− −
= =

= − = − + − +∑ ∑ . 

   gamovTvaloT tX  procesis stoqasturi diferenciali. davweroT it-

os formula da visargebloT 1.5 lemisa  da 1.6 lemis mtkicebulebebiT. 

miviRebT, rom: 

∑ ∑ ∫∑∫
−

=

−−

=
−−

−

=

+−−−−=
2

0

2

0 ],0(

2

1],0(
0 )()(

n

k

kn

i t
i

k
s

i
kn

n

k

k
n

t
k

k
nt dssTMCCdssTCXX νν  

+−++ ∑ ∑ ∫∫∑
−

= =
−

−
−

−
−

=

2

1 2 ],0(],0(2

)(
n

k

k

i t
skn

ik
s

i
k

k
n

t
s

kn
s

n

k

k
n dNsTMCCdNMC ν  
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∫∑ ∫ −
−

−

=
−

−
− +−+

],0(

1
2

1 ],0(

1 )(
t

s
n
s

n

k t
skn

k
s

k
n dMMndMsTMkC ν . 

 am warmodgenaSi 0)(1 =Tν , tolobis gaTvaliswinebiT SesaZlebelia 

meore da mesame Sesakrebebis, agreTve meoTxe da mexuTe Sesakrebis 

SeerTeba. ris Sedegad miviRebT: 

∑ ∑ ∫
−

=

−−

=
−− +−−=

2

0

2

0 ],0(
0 )(

n

k

kn

i t
i

k
s

i
kn

k
nt dssTMCCXX ν  

+−+∑ ∑ ∫
= =

−
−
−

n

p

p

j t
spn

jp
s

j
p

p
n dNsTMCC

1 2 ],0(

)(ν  

=+−+ ∫∑ ∫ −
−

−

=
−

−
−

],0(

1
2

1 ],0(

1 )(
t

s
n
s

n

k t
skn

k
s

k
n dMMndMsTMkC ν  

∑ ∫
=

−
−
− −++−=

n

k t
skn

k
s

k
nNsn dMsTMkCIIT

S
1 ],0(

1 )()( νν , 

sadac  

∑ ∑ ∫
−

=

−−

=
−− −=

2

0

2

0 ],0(

)(:
n

k

kn

i t
i

k
s

i
kn

k
ns dssTMCCI ν  

da  

∑ ∑ ∫
= =

−
−
− −=

n

p

p

j t
spn

jp
s

j
p

p
nN dNsTMCCI

S
1 2 ],0(

)(: ν . 

Tu davakvirdebiT miRebul Tanafardobas advilad SevamCnevT (iseve 

rogorc 2.1-sa da 2.2 magaliTebSi), rom TiToeul integrals −sdN is 

mimarT moeZebneba Sesabamisi integrali ds -is  mimarT, romelTa integra-

ndebi moduliT toli da niSniT mopirdapire sidideebia.  

marTlac, SevadaroT erTmaneTs −sM -is erTi da igive xarisxebi. 

vTqvaT, mjpk =−= : . maSin sI -Si Tu −sM -is xarisxi tolia m -is, Sesabami-

si wevri iqneba:  

∑ ∫
−−

=
−− −

2

0 ],0(

)(
mn

i t
i

m
s

i
mn

m
n dssTMCC ν , 

xolo −sdN is Sesabamisi wevri iqneba: 

  ∑ ∫
+

=
−+

+ −
jm

j t
si

m
s

j
jm

jm
n dNsTMCC

0 ],0(

)(ν . 

pirveli jamis bolo wevri da meore jamis pirveli wevri 

erTmaneTs emTxveva, pirveli jamis bolos wina wevri da meore jamis 

meore wevri erTmaneTs emTxveva da a.S. pirveli jamis bolodan j -uri 
wevri da meore jamis j -uri wevri erTmaneTs emTxveva. marTlac, pirveli 

jamis bolodan j -uri wevri iqneba: 
2

2
(0, ]

( )m n m j m
n n m s n m j

t

C C M T s dsν− − −
− − − − − −∫ , 

xolo meore jamis j -uri wevri iqneba: 
      

2 2
2 2

(0, ]

( )m j j m
n m j s n m j s

t

C C M T s dNν+ + +
+ + − − − − −∫ . 
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amoweril wevrebSi integralebis integrandebi da maTi koeficiente-

bic erTmaneTs emTxveva, vinaidan: 

2 !
!( 2 )!(2 )!

m n m j
n n m

nC C
m n m j j

− − −
− =

− − − +
 

da 

2 2
2

!
!( 2 )!(2 )!

m j j
n m j

nC C
m n m j j

+ + +
+ + =

− − − +
. 

maSasadame, Cven miviReT, rom TviToeul integrals −sdN is mimarT 

moeZebneba Sesabamisi integrali ds -is  mimarT, romelTa integrandebi 

mopirdapire sidideebia.  

amitom maTi SekrebiT miviRebT integrals −sdM is mimarT, rac 

n
TT MX =  da 0 ( )n

TX E M=  tolobebis gaTvaliswinebiT gvaZlevs Semdeg warm-

odgenas: 

1 (0, ]

[ ]
n

n n k n k
T T n s s

k T

M E M C M dM−
−

=

= + +∑ ∫  

2

1
2 1 (0, ] (0, ]

( ) ( )
n k

k i k i
n k s n k s n s

k i T T

C C M T s dM n T s dMν ν
−

−
− − −

= =

+ − + −∑ ∑ ∫ ∫ . 

ukanaskneli warmodgena ki SeiZleba gadavweroT Semdegnairad: 

1 1 (0, ]

( ) ( )
n k

n n k i k i
T T n k s n k s

k i T

M E M C C M T s dMν−− −
= =

= + −∑ ∑ ∫ . �  

  

Sedegi 2.1 nebismieri naturaluri 1≥n -Tvis samarTliania warmodg-

ena:  

        
(0, ]

( ) [(1 ) ( ) ]n n n n
T T s T s s T s s s

T

M E M E M M M M dM− − − −= + + + − + ℑ∫ . (P-T.y.)    (2.2) 

  

damtkiceba: (1.6) Tanafardobis ZaliT gvaqvs: 

( ) ik
s

k

i

i
k

k
s

k
s MCMM −

−
=

−− ∑=−+
1

1 . 

amitom 2.1 Teoremis Tanaxmad vwerT: 

         
1(0, ]

( ) [( 1) ] ( )
n

n n k k k
T T n s s n k s

kT

M E M C M M T s dMν− − −
=

= + + − −∑∫ .   (P-T.y.)   

meores mxriv, niutonis binomis formulisa da puasonis kompensireb-

uli procesis cnobili Tvisebebis gaTvaliswinebiT vRebulobT:  

( )[ ] ( ) [ ]∑
=

−
−−−− =ℑ+=ℑ++

n

k
s

kn
sT

k
s

k
ns

n
sTs MEMCMME

0
11  

( ) [ ]∑
=

−
− =ℑ−+=

n

k
s

kn
sT

k
s

k
n MMEMC

0
)(1  

( ) ∑∑
=

−−
=

−
−− −+=+=

n

k
kn

k
s

k
n

n

k

kn
sT

k
s

k
n sTMCEMMC

00
)()1(1 ν . 

analogiurad, 

( )[ ] ∑
=

−−−− −=ℑ+
n

k
kn

k
s

k
ns

n
sTs sTMCMME

0

)(ν . 
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zemoT moyvanili yvela Tanafardobis gaerTianebis safuZvelze Seg-

viZlia davaskvnaT, rom Teoremis mtkicebuleba samarTliania.  �  
  

Sedegi 2.2. −n uri rigis polinomialuri )(xPn  funqciisaTvis samar-

Tliania warmodgena: 

     s
T

ssTsnsTsnTnTn dMMMPMMPEMPEMP ∫ ℑ+−+++= −−−−
],0(

])()1([)]([)( .   (P-T.y.)  

 

  damtkiceba: Sedegis samarTlianobaSi advilad davrwmundebiT 2.1  

Sedegis safuZvelze, stoqasturi integralisa da pirobiTi maTematikuri 

lodinis wrfivobis gaTvaliswinebiT.  �  
 

SemoviRoT aRniSvna: )()1(:)( xfxfxf −+=∇ , ( ( ) : ( )
Tn T n x MP M P x =∇ = ∇ ).   

  

Sedegi 2.3. vinaidan fiqsirebuli T -sTvis )( TxPn −  aris isev n -rigis 
polinomi x -is mimarT, oRond sxva koeficientebiT, amitom cxadia (2.2) 

tipis warmodgena gveqneba TN -s mimarT polinomialuri funqcionalebis-

Tvisac: 

     t
T

ssTsnsTsnTnTn dMNNPNNPENPENP ∫ ℑ+−+++= −−−−
],0(

])()1([)]([)(    (P-T.y.)        

  

Teorema 2.2. nebismieri  naturaluri 1≥n  ricxvisTvis samarTliania 

warmodgena: 

          t
T

tTnTnTn dMMPEMPEMP ∫ −ℑ∇+=
],0(

])([)]([)( .     (P-T.y.)     (2.3) 

 

 damtkiceba: jer ganvixiloT xarisxovani funqcionalebis SemTxveva. 

Ggvaqvs:    

[ ( ) ] [( 1) ]n n n
T s T T sE M E M M− −∇ ℑ = + − ℑ =  

( ) =⎥
⎦

⎤
⎢
⎣

⎡
ℑ+−=⎥

⎦

⎤
⎢
⎣

⎡
ℑ= ∑∑

−

=
−−−

−

=
−

1

0

1

0

n

k
s

k
ssT

k
n

n

k
s

k
T

k
n MMMCEMCE

=⎥
⎦

⎤
⎢
⎣

⎡
ℑ−= ∑ ∑

−

−
−

=

−
−−

1

0 0

)(
n

k
s

k

i

ik
s

i
sT

i
k

k
n MMMCCE  

               ( ) ∑ ∑∑ ∑
−

= =

−
−

−

= =

−
−− −=−=

1

0 0

1

0 0

)(
n

k

k

i

ik
ti

i
k

k
n

n

k

k

i

in
s

i
sT

i
k

k
n MtTCCMMMECC ν .        (2.4) 

 Tu SevxedavT ukanasknel Tanafardobas da (2.1) Tanafardobis meore 

Sesakrebis integrandebs, rogorc 1−n  rigis polinoms −sM  -is mimarT da 

gaviTvaliswinebT niutonis binomis koeficientebis Tvisebebs, advili 

dasanaxia, rom es polinomebi erTi da igivea. amitom vRebulobT, rom: 

      
(0, ]

( ) [ ]n n n
T T T t t

T

M E M E M dM−= + ∇ ℑ∫ .     (P-T.y.) 

 stoqasturi integralis, pirobiTi maTematikuri lodinisa da ∇  op-

eratoris wrfivobis gaTvaliswinebiT aqedan advilad miviRebT sasurvel 

tolobas polinomialuri funcionalebisTvis.  �  
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Sedegi 2.4.  
(0, ]

( ) [ ( )] [ ( ) ]n T n T n T t t
T

P N E P N E P N dM−= + ∇ ℑ∫ .     (P-T.y.) 

  

Teorema 2.4. nebismieri polinomialuri )(xPn  funqciisaTvis samarT-

liania Tanafardoba: 

           [ ] [ ]−ℑ∇= tTnTn
M
t

p MPEMPD )()(  ,     ( dP dt⊗ -T.y.)    (2.5) 

sadac ( )
p M

t n TD P M⎡ ⎤⎣ ⎦  simboloTi aRniSnulia kompensirebuli puasonis pro-

cesis stoqasturi warmoebulis Wvretadi proeqcia. 

 damtkiceba: Ma-s, Protter-isa da Martin-is 1998 wlis cnobili Sedegis 

Tanaxmad adgili aqvs okone-hausman-klarkis warmodgenas 

                    [ ]{ } t
T

Tn
M
t

p
TnTn dMMPDMPEMP ∫+=

],0(

)()]([)( .   (P-T.y.) 

   ganvixiloT sxvaoba: 

( ){ }
(0, ] (0, ]

: ( ) :
p M

T n T t t n T t t t
T T

y E P M D P M dM dMη− ⎡ ⎤= ⎡∆ ℑ ⎤ − =⎣ ⎦ ⎣ ⎦∫ ∫ . 

 erTis mxriv, cxadia, rom 2.1 Teoremis Tanaxmad 0Ty =  (P-T.y.). meores 

mxriv, itos formulis gamoyenebiT gvaqvs: 
2 2

(0, ] (0, ]

2 [ , ]T t t t t t
T T

y y dM d M Mη η−= +∫ ∫ . 

Tu aviRebT ukanaskneli Tanafardobis orive mxaris maTematikur 

lodins da gaviTvaliswinebT martingalis kvadratuli da Wvretadi maxa-

siaTeblebis cnobil Tvisebebs, miviRebT: 
2 2 2

(0, ] (0, ] (0, ]

0 [ , ] ,t t t tt
T T T

E d M M E d M M E dtη η η= = =∫ ∫ ∫ , 

saidanac vaskvniT (2.5) Tanafardobis samarTlianobas.  �  
 miRebuli Sedegi samarTliania polinomialur funqciebze ufro 

farTo klasisTvis. Semdegi nabiji iqneba analogiuri warmodgenis miReba 

kvadratiT integrebad funqciaTa garkveuli klasisaTvis. 
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$ 3 

erTi cvladis kvadratiT integrebadi puasonis 

funqcionalebis stoqasturi itegraluri warmodgena 
 

 

vTqvaT, 
+Z = {0, 1, 2,…} da ,...},,{ 321 PPPP =  puasonis ganawilebaa: 

!x
TeP

xT

x

−

= , ,...2,1,0=x . SemoviRoTPaRniSvna )1()()( −−=∆ xfxfxf  ( 0,0)( <= xxf ) 

da ganvmartoT puason-Sarles polinomebi:       

,
)1(

)(
x

x
nn

n P
P

x
∆−

=Π  ( 1,1 0 =Π≥n ). 

funqcionaluri analizis kursidan kargadaa cnobili, rom  

0)}({ ≥nn xπ  (
n

n
n c

x
x

)(
)(

Π
=π ) warmoadgens baziss )(2

+ZL  sivrceSi:  

})(:{)(
0

2
2 ∑

∞

=

+ ∞<=
x

xffZL . 

SemoviRoT wonis funqcia: 
T

x

e
x

TTx −=
!

:),(ρ  da )),(;(: 22 TxZLLT ρ+=  simbo-

loTi aRvniSnoT funqcionaluri sivrce 
+Z -ze,  

2
)(:

,2 LT
Tgg ρ=  sasruli 

normiT. 

P  

Teorema 3.1.  
TL2  sivrce aris banaxis sivrce 0{ ( , )}n

nx x Tρ ≥  bazisiT. 

 

B damtkiceba: 1.2 Teoremis Tanaxmad, sakmarisia SevamowmoT, rom raime 

c  mudmivisTvis adgili aqvs Sefasebas: ∞<⋅ xceTx ),(ρ . MmarTlac, gvaqvs:  

∞<==⋅ −−

!
)(

!
),(

x
Teee

x
TeeTx

xc
TT

x
xcxcρ  . 

Teorema damtkicebulia.  �  
  

Teorema 3.2. davuSvaT, rom 
TLf 2∈  da amasTanave   

TLTxf 2)( ∈−∇ , maSin  

arsebobs intregrali: 

(0, ]

[ ( ) ]M
T t t

T

E f M dM−∇ ℑ∫ . 

damtkiceba: Teoremis dasamtkiceblad sakmarisia SevamowmoT, rom 

(ix. Липцер, Ширияев 1986 $2.2): 
2

(0, ]

[ ( ) ] [ , ]M
T t t

T

E E f M d M M−∇ ℑ < ∞∫ . 

marTlac, iensenis utolobis Tanaxmad, pirobiTi maTematikuri lo- 

dinis, normaluri martingalis kvadratuli maxasiaTeblisa da 

stoqasturi integralis cnobili Tvisebebis safuZvelze SegviZlia davwe-

roT, rom:       
2 2

(0, ] (0, ]

[ ( ) ] [ , ] [ ( ) ]M M
T t t T t

T T

E E f M d M M EE f M dt− −∇ ℑ ≤ ∇ ℑ ≤∫ ∫  
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2, 2,
(0, ] (0, ]

[ ( )]T T T
T T

E f M dt dt f T f≤ ∇ = ⋅ ∇ = ⋅ ∇ < ∞∫ ∫ . �  

 

Teorema 3.3. davuSvaT, rom 
TLf 2∈  da raime 10 << α  ricxvisTvis 

α/
2)( TLTxf ∈−∇ , maSin )( TMf  funqcionalisaTvis samarTliania Semdegi 

stoqasturi integraluri warmodgena:  

                  ( )
(0, ]

( ) [ ( ) ]M
T T T t t

T

f M E f M E f M dM−= + ∇ ℑ⎡ ⎤⎣ ⎦ ∫ .   (P-T.y.)      (3.1) 

 

damtkiceba: SemoviRoT aRniSvna ( ) : ( )Tf x f x T= −% . maSin 3.1 Teoremis 

safuZvelze, misTvis moiZebneba polinomTa iseTi mimdevroba )(xQn , rom 

sruldeba Tanafardoba:  

        0)(~)(lim
/,2
=∇−

∞→ αT
tnn

xfxQ . 

PganvmartoT polinomTa axali mimdevroba: 

                         
1

0

( ) : (0) ( )
x

n T n
i

P x f Q i
−

=

= +∑%% . 

cxadia, rom  
1

0
( ) (0) ( )

TN

n T T n
i

P N f Q i
−

=

= + ∑%% ; 

        
1 1

0 0

( ) (0) [ ( 1) ( )] (0) ( )
T TN N

T T T T T T T
i i

f N f f i f i f f i
− −

= =

= + + − = + ∆∑ ∑% % % % % % ; 

da  

                                       
1

0
( ) ( ) [ ( ) ( )]

TN

n T T T n T
i

P N f N Q i f i
−

=

− = − ∆∑% %% . 

2.4 Sedegis Tanaxmad polinomTa axali ( )nP x%  mimdevrobisaTvis adgi-

li aqvs warmodgenebs:  

                   
(0, ]

( ) [ ( )] [ ( ) | ]M
n T n T n T t t

T

P N E P N E P N dM−= + ∇ ℑ∫% % % .   (P-T.y.).     (3.2)   

F SevamowmoT, rom (3.2) warmodgenis TiToeuli wevri krebadia ( )Tf x%  

funqciisaTvis dawerili (3.1) warmodgenis Sesabamisi wevrisaken, anu   

                  
(0; ]

( ) [ ( )] [ ( ) | ]M
T T T T T T t t

T

f N E f N E f N dM−= + ∇ ℑ∫% % %     (P-T.y.)  

warmodgenis Sesabamisi wevrisaken. pirvel etapze vaCvenoT marcxena mxar-

eebis krebadoba. Tu gamoviyenebT elementalur utolobas:  

∑∑
==

≤⎟
⎠

⎞
⎜
⎝

⎛ n

i
i

n

i
i ana

1

2
2

1

, 

advilad davinaxavT, rom:     

∑∑
−

=

−
∞

=

∇−≤−
1

0

2

0

2

,2 !
))(~)(()(~)(~ k

i

T
k

Tn
kTTTTn e

k
TifiQkNfNP . 

aRvniSnoT )/(00 αTii =  simboloTi is naturaluri ricxvi, romlisTv-

isac erTdroulad sruldeba Tanafardobebi: 
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1
)/(

!0 ≤
oiT

i
α

, xolo 1
)/(

)!1(
1

0
0

≥
+

+iT
i
α

. 

maSin cxadia, rom aseTi ricxvisTvis:     

0

01

1, 1 ( / );
!max ( 1)! , 1 ( / ).( / )

( / )
i

k

k i T
i

k k i TT
T

α

αα
α −

− ≤⎧
⎧ ⎫ ⎪= −⎨ ⎬ ⎨ − ≥⎭⎩ ⎪⎩

roca

roca
 

amitom SegviZlia davweroT, rom: 

+
−

∇−≤− ∑∑
+

=

−

=

−
−−1

0

1

0

1
22

,2

0

)!1(!
)/())(~)(()(~)(~ i
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T
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TnTTTTn e
k
Tee

i
TifiQTNfNP ααα

 

∑ ∑
∞

+=
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−

−
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∇−+
1

1

0

1

1
2

0
)!1()/(

)!1(
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)/())(~)((
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k

i

T
kT

k

Ti

Tn e
k
Te

T
ke

i
TifiQT αα

α
α

. 

  Tu gavzrdiT dadebiT SesakrebTa raodenobas jamSi, SegviZlia da-

vaskvnaT rom:  
2 2

2 , 2 , /
( ) ( ) ( ) ( )n T T T n T T TT T

P N f N Q N f N
α

− ≤ − ×% %%  

0

0

1 1
/ 1 /

0 1

0,
( 1)!

i k
T T k T T

k k i

TT e e e e n
k

α αα
+ − ∞

− − −

= = +

⎡ ⎤
× + → →∞⎢ ⎥−⎣ ⎦

∑ ∑ roca . 

amrigad, ( )n TP N%  krebadia ( )T Tf N% -saken 2,TL  sivrceSi,  roca .∞→n  aq-

edan, Tavis mxriv, gamomdinareobs (3.2) tolobis marjvena mxareSi myofi 

pirveli Sesakrebis krebadobac Sesabamisi Sesakrebisaken. 

axla davamtkicoT, rom:  

                
2

(0, ] (0, ]

[ ( ) | ] [ ( ) | ]
L

M M
n T t t T T t t

T T

E P N dM E f N dM− −∇ ℑ → ∇ ℑ∫ ∫ %% , roca ∞→n  . 

P marTlac, stoqasturi integralisa da normaluri martingalis 

cnobili Tvisebebis safuZvelze, Tu visargeblebT iensenis utolobT, 

Zneli ar aris davinaxoT, rom samarTliania Semdegi gadasvlebi: 
2

(0, ]

[ ( ) | ] [ ( ) | ]M M
n T t T T t t

T

E E P N E f N dM− −

⎧ ⎫⎪ ⎪∇ ℑ − ∇ ℑ =⎨ ⎬
⎪ ⎪⎩ ⎭
∫ %%  

2

(0, ]

{ [ ( ) | ] [ ( ) | ]} [ , ]M M
n T t T T t t

T

E E P N E f N d M M− −= ∇ ℑ − ∇ ℑ =∫ %%  

2

(0, ]

{ [ ( ) ( ) ]} ,M
n T T T t t

T

E E P N f N d M M−= ∇ −∇ ℑ =∫ %%  

2 2

(0, ] (0, ]

{ [ ( ) ( ) ]} [ ( ) ( )]M
n T T T t n T T T

T T

E E P N f N dt E P N f N dt−= ∇ −∇ ℑ ≤ ∇ −∇ =∫ ∫% %% %  

2

2,
(0, ] (0, ]

[ ( ) ( )] ( ) ( ) .n T T T n T T
T T

E Q N f N dt Q x f x dt= −∇ = −∇ =∫ ∫% %  

2,
(0, ]

( ) ( )n T T
T

Q x f x dt= −∇ ≤∫%   

,0)(~)(}/)1exp{(
/,2
→∆−⋅−⋅≤

α
αα

Tn xfxQTT  roca ∞→n . 

Tu axla gadavalT zRvarze (3.2) tolobaSi, roca ∞→n , yvela zem-

oT miRebuli Tanafardobis gaTvaliswinebiT miviRebT, rom:  
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(0; ]

( ) [ ( )] [ ( ) | ]M
T T T T T T t t

T

f N E f N E f N dM−= + ∇ ℑ∫% % % ,   (P-T.y.)       (3.3) 

saidanac )()(~ TxfxfT −=  da )()(~ TxfxfT −∇=∇  tolobebis gaTvaliswinebiT 

advilad miviRebT dasamtkicebel warmodgenas.  �  
   

Teorema 3.4. davuSvaT, rom 
TLf 2∈  funqciisaTvis arsebobs raime ise- 

Ti 10 << α  ricxvi, rom: 
α/

2)( TLTxf ∈−∇ . maSin nebismieri ],0[ Tt ∈ -Tvis sama-

rTliania toloba: 

                     [ ( )] [ ( ) | ]p M M
t T T tD f M E f M −= ∇ ℑ .    (dP dt⊗ -T.y.)    (3.4) 

 

damtkiceba:  cnobilia, rom (ix. Ma, Protter, Martin 1998) adgili aqvs wa-

rmodgenas: 

[ ] { }
](
∫+=
To

tT
M
t

p
TT dMMfDMfEMf

,

)]([)()( . 

ganvixiloT sxvaoba: 

{ }
(0, ] (0, ]

[ ( ) | ] [ ( )] :M p M
T T t t T t t t

T T

y E f M D f M dM dMη−= ∇ ℑ − =∫ ∫ . 

cxadia, rom unda 0=Ty  (P-T.y.). meores mxriv, itos formulis gamoy-

enebiT gvaqvs: 

∫ ∫+= −
],0( ],(

22 ],[2
T To

tttttT MMddMyy ηη . 

 Sesabamisad, 
2 2 2

(0, ] (0, ] (0, ]

0 [ , ] ,t t t tt
T T T

E d M M E d M M E dtη η η= = =∫ ∫ ∫ , 

saidanac gamomdinareobs Teoremis samarTlianoba.  �  
 

SemoviRoT sivrce: }~,:{: /
22,1,2

α
α

T
T

T LfLffW ∈∇∈= . cxadia, rom es iqneba 

hilbertis sivrce, romlis Sesabamisi skalaruli namravli moicema 

Semdegi normiT: 

αα /
22

~:
,1,2 TT

LTL
fff ∇+= . 

 davafiqsiroT 21 <≤ p  da avRniSnoT:  

}:{: 2

1

LffL pT
p ∈= ρ ; 

2

1

:
L

p
L

ff T
p

ρ= . 

SemoviRoT agreTve Semdegi norma: 

αα /

~:
,1, T

p
T
p LTLp

fff ∇+= . 

 

 ganmarteba 3.1. avRniSnoT α,1,pW  simboloTi banaxis sivrce, romelic 

miiReba α,1,2W  sivrcis CaketviT 
α,1,p

⋅  normis mimarT. 

  

Teorema 3.5. Tu α,1,pWf ∈  )21( << p , maSin arsebobs integrali: 
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(0, ]

[ ( ) ]M
T t t

T

E f M dM−∇ ℑ∫ . 

 

damtkiceba: Teoremis dasamtkiceblad sakmarisia vaCvenoT, rom: 
2

(0, ]

[ ( ) ] [ , ]M
T t t

T

E E f M d M M−∇ ℑ < ∞∫ . 

marTlac, marTlac, iensenis utolobis gamoyenebiT, pirobiTi maTem- 

atikuri lodinis, normaluri martingalis kvadratuli maxasiaTeblisa 

da stoqasturi integralis cnobili Tvisebebis safuZvelze SegviZlia 

davrwmundeT, rom:       

      
2 2

(0, ] (0, ]

[ ( ) ] [ , ] [ ( ) ]M M
T t t T t

T T

E E f M d M M EE f M dt− −∇ ℑ ≤ ∇ ℑ ≤∫ ∫  

2
2,

(0, ] (0, ]

[ ( )]T T
T T

E f M dt dt f≤ ∇ = ⋅ ∇ < ∞∫ ∫ . 

 

Teorema 3.6. Tu α,1,pWf ∈ , sadac 21 << p , maSin samarTliania Semdegi 

stoqasturi integraluri warmodgena: 

       ( )
(0, ]

( ) [ ( ) ]M
T T T t t

T

f M E f M E f M dM−= + ∇ ℑ⎡ ⎤⎣ ⎦ ∫ .   (P-T.y.). 

 

 damtkiceba: 3.1 ganmartebis Tanaxmad moiZebneba iseTi mimdevroba 

{ } α,1,1 pnn Wf ⊂∞
=  , rom adgili aqvs Tanafardobas: 

                            
2,1,

lim 0nn
f f

α→∞
− = .                            (3.5) 

 SemoviRoT Semdegi martingalebi: 

( ) : ( ) M
T tm t E f M⎡ ⎤= ℑ⎣ ⎦  da ( ) : ( ) M

n n T tm t E f M⎡ ⎤= ℑ⎣ ⎦ . M 

martingalur warmodgenaSi cnobili Teoremis Tanaxmad moiZebneba 

iseTi Wvretadi procesi g , rom adgili aqvs warmodgenas : 

( )[ ] ∫+=
],0(

)()(
T

sT dMsgMfEtm . 

meores mxriv, Teoremis pirobebSi, yoveli n -saTvis: 
( )

(0, ]

( ) [ ( ) ]M
n T n T n T t t

T

f M E f M E f M dM−= + ∇ ℑ⎡ ⎤⎣ ⎦ ∫ , 

saidanac, Tu aviRebT orive mxaris pirobiT maTematikur lodins 
M
tℑ  σ -

algebris mimarT, miviRebT, rom:  

                    ( )
(0, ]

( ) [ ( ) ]M
n n T n T t t

T

m t E f M E f M dM−= + ∇ ℑ⎡ ⎤⎣ ⎦ ∫ .            (3.6) 

 dubis maqsimaluri kvadratuli utolobisa da iensenis utolobis 

ZaliT, (2.1) Tanafardobis gaTvaliswinebiT, gvaqvs: 
1/

1/

0 0
sup ( ) ( ) sup ( ) ( )

1

pp pp
n n

t T t T

pE m t m t E m t m t
p< ≤ < ≤

⎧ ⎫⎡ ⎤ ⎡ ⎤− ≤ − =⎨ ⎬⎢ ⎥ ⎣ ⎦−⎣ ⎦⎩ ⎭
 

1/
( ) ( ) ( ) ( )

1 1 p

pp
n n T T L

p pE m T m T f M f M
p p
⎡ ⎤= − = − ≤⎣ ⎦− −
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,1,
0

1 n p

p f f
p α

≤ − →
−

, roca ∞→n . 

Semdgom, Tu visargeblebT bukfolder-gandi-devisis utolobiT, ze-

moT miRebuli Sefasebis Tanaxmad gveqneba: 
/ 2

2
/ 2

(0, ]

[ , ] ( ) ( ) [ , ]
p

p M
n n T n T t t

T

E m m m m E E f M g t d M M−

⎧ ⎫⎪ ⎪⎡ ⎤− − = ∇ ℑ − ≤⎨ ⎬⎣ ⎦⎪ ⎪⎩ ⎭
∫  

0sup
0

→
⎭
⎬
⎫

⎩
⎨
⎧ −≤

≤≤

p

n
Tt

mmcE ,     roca ∞→n . 

  garda amisa, liapunovis utolobis Tanaxmad, wina Tanafardobis 

safuZvelze gvaqvs: 

    

1/ 2
2

(0, ]

lim ( ) ( ) [ , ]M
n T t tn

T

E E f M g t d M M−→∞

⎧ ⎫⎪ ⎪⎡ ⎤∆ ℑ − ≤⎨ ⎬⎣ ⎦⎪ ⎪⎩ ⎭
∫  

1// 2
2

(0, ]

lim ( ) ( ) [ , ] 0

pp

M
n T t tn

T

E E f M g t d M M−→∞

⎛ ⎞⎧ ⎫⎪ ⎪⎜ ⎟⎡ ⎤≤ ∆ ℑ − =⎨ ⎬⎣ ⎦⎜ ⎟⎪ ⎪⎩ ⎭⎝ ⎠
∫ . 

 aqedan, CebiSevis utolobis safuZvelze vxedavT, rom: 
2

(0, ]

lim [ ( ) | ] ( ) [ , ] 0M
n T t tn

T

P E f M g t d M M−→∞
− ∆ ℑ − =∫ , 

sadac 
∞→

−
n

P lim  aRniSnavs albaTobiT zRvars. 

 amitom kunita-vatanabes utolobis safuZvelze, SegviZlia davaskv-

naT, rom 

(0, ]

lim [ ( ) ] ( ) [ , ]M
n T t tn

T

P E f M g t d M M−→∞
− ∇ ℑ − ≤∫  

[ ]( )
1/ 2

2 1/ 2

(0, ]

lim [ ( ) ] ( ) [ , ] , 0M
n T t t Tn

T

P E f M g t d M M M M−→∞

⎧ ⎫⎛ ⎞⎪ ⎪≤ − ∇ ℑ − ⋅ =⎜ ⎟⎨ ⎬⎜ ⎟⎪ ⎪⎝ ⎠⎩ ⎭
∫ .    (3.7) 

 meores mxriv, pirobiTi maTematikuri lodinisa da ∇  operatoris 

wrfivobis gamo, vwerT: 

( )
(0, ]

( ) M M
n T t T t

T

E E f M E f M dt− −
⎡ ⎤ ⎡ ⎤∇ ℑ − ∇ ℑ =⎣ ⎦ ⎣ ⎦∫  

[ ]{ }
(0, ]

| ( ) ( ) |M
n T T t

T

E E f M f M dt−= ∇ − ℑ∫ . 

 amitom  iensenis, koSi-buniakovskis, liapunovis utolobebisa da 

fubinis Teoremis Tanaxmad Teoremis pirobebSi SegviZlia davweroT, rom: 

( )
(0, ]

( ) M
n T t T t

T

E E f M E f M dt− −
⎡ ⎤⎡∇ ℑ ⎤ − ∇ ℑ ≤⎣ ⎦ ⎣ ⎦∫  

[ ]{ } ( ) ( )
(0, ] (0, ]

| ( ) ( ) | M
n T T t n T T

T T

E E f M f M dt E f M f M dt−≤ ∇ − ℑ = ∇ − ≤⎡ ⎤⎣ ⎦∫ ∫  

( ) ( )
1/ 2

2

(0, ]

} |n T T
T

T E f M f M dt
⎧ ⎫⎪ ⎪≤ ∇ − ≤⎡ ⎤⎨ ⎬⎣ ⎦
⎪ ⎪⎩ ⎭
∫  
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( ) ( )[ ] 0
,1,

2/1

],0(

2 →−≤
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

−∇≤ ∫ αpn
T

TTn ffTdtMfMfET , roca ∞→n   (3.8). 

 vinaidan tMM
t
=,  da nebismieri Wvretadi h  procesisaTvis: 

       ∫ ∫∫ ==
],0( ],0(],0(

],[)(,)()(
T T

tt
T

MMdthEMMdthEdtthE , 

amitom (3.8) Tanafardobidan Cven vaskvniT, rom: 

         
(0, ]

lim ( ) ( ) [ , ] 0M M
n T t T t tn

T

E E f M E f M d M M− −→∞
⎡ ⎤ ⎡ ⎤∇ ℑ − ∇ ℑ =⎣ ⎦ ⎣ ⎦∫         (3.9) 

Dda garda amisa: 

(, ] (0, ]

| ( ) | [ , ] ( ) |M M
T t t T t

T T

E E f M d M M E E f M dt− −
⎡ ⎤ ⎡ ⎤∇ ℑ = ∇ ℑ < ∞⎣ ⎦ ⎣ ⎦∫ ∫ . 

 (3.7) da (3.9) Tanafardobrbis safuZvelze Cven SegviZlia avarCioT 

iseTi qvemimdevroba 1{ }k kn ≥ , rom (P TiTqmis yvelgan) Sesruldeba Tanafard-

obebi: 

(0, ]

lim [ ( ) ] ( ) [ , ] 0
k

M
n T t tk

T

E f M g t d M M−→∞
∇ ℑ − =∫  

da 

(0, ]

lim [ ( ) ] [ ( ) ] [ , ] 0
k

M M
n T t T t tk

T

E f M E f M d M M− −→∞
∇ ℑ − ∇ ℑ =∫ . 

 aqedan Cven SegviZlia davaskvnaT, rom TiTqmis yvela ω -Si 

( , ) [ ( ) ]( )M
T tg E f Mω ω⋅ −⋅ = ∇ ℑ   ],[ MMd -TiTqmis yvelgan. 

maSasadame, TiTqmis yvela ω -Tvis Cven gvaqvs: 

(0, ]

( ) [ ( ) ] [ , ] 0M
T t t

T

g t E f M d M M−− ∇ ℑ =∫ . 

 Sesabamisad,  Cven vRebulobT, rom: 

(0, ]

( ) [ ( ) ] [ , ] 0M
T t t

T

E g t E f M d M M−− ∇ ℑ =∫ , 

saidanac Cven vaskvniT, rom: 

( , ) [ ( ) ]( )M
T tg t E f Mω ω−= ∇ ℑ    ( ],[ MMddp⊗ -T.y.) 

da, maSasadame, dP  TiTqmis yvelgan: 

(0, ] (0, ]

( ) [ ( ) ]M
t T t t

T T

g t dM E f M dM−= ∇ ℑ∫ ∫ , 

riTac Teoremis damtkiceba damTavrebulia.  �  
 

 Sedegi 3.1. yoveli α,1,pWf ∈  )21( << p : 

     
2

(0, ]

| [ ( ) ] | [ , ]M
n T t t

T

E f M d M M−∇ ℑ < ∞∫          (P-T.y.). 

 3.4 Teoremis damtkicebis analogiurad mtkicdeba Semdegi  

Teorema 3.7.  Tu α,1,pWf ∈ , sadac 21 << p  maSin nebismieri ],0[ Tt ∈ -

Tvis samarTliania Tanafardoba: 

      ( ) ( )
p M M

t T T tD f M E f M −
⎡ ⎤⎡ ⎤ = ∇ ℑ⎣ ⎦ ⎣ ⎦  .    (dP dt⊗ -T.y.) 
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$ 4 

ori cvladis puasonis polinomialuri tipis 

funqcionalebis stoqasturi integraluri 

warmodgena 
 

 
 SemoviRoT aRniSvna  

),()1,1(:),(2 yxfyxfyxf −++=∇ . 

  cxadia, rom   

),(),()),((:),(2 yxfyxfyxfyxf yxyx ∇+∇+∇∇=∇ . 

fiqsirebuli S  da T  ricxvebisTvis aRvniSnoT: 

)(),()(),()()()),((:),( ],0[],0[],0[],0[
2 tIyxftIyxftItIyxfyxf SyTxSTyxt ∇+∇+∇∇=∇ . 

davuSvaT, rom ),( yxPn - n -uri rigis polinomia x -sa da y -is mimarT.  
 

Teorema 4.1. nebismieri  1≥n  ricxvisaTvis samarTliania Semdegi 

stoqasturi integraluri warmodgena: 

        
2

(0, ]

( , ) [ ( , )] [ ( , ) ]M
n T S n T S t n T S t t

T S

P M M E P M M E P M M dM−
∨

= + ∇ ℑ∫ .   (P-T.y.)    (4.1) 

 

damtkiceba: winaswar SevamowmoT debulebis samarTlianoba ori 

cvladis xarisxovani funqcionalebisaTvis. ganvixiloT ).( STMM n
T

m
S ≥⋅  

funqcionali. aRvniSnoT  

: n m M
t S T tX E M M⎡ ⎤= ⋅ ℑ⎣ ⎦ . 

jer ganvixiloT SemTxveva S t≥ . gvaqvs: 

               { }n m M m n M M
t S T t T S S tX E M W E E W W⎡ ⎤⎡ ⎤= ⋅ ℑ = ℑ ℑ⎣ ⎦ ⎣ ⎦  

1.7 lemis gaTvaliswinebiT advilad miviRebT, rom: 

0 0
[ ( ) ] ( ) [ ]

m m
n i i M i n i M

t S m m i S t m m i S t
i i

X E M C T S M C T S E Mν ν +
− −

= =

= − ℑ = − ℑ =∑ ∑  

0 0
( ) ( )

m n i
i j j
m m i n i n i j t

i j
C T S C S t Mν ν

+

− + + −
= =

= − − =∑ ∑  

0 0

( ) ( )
m n i

i j j
m n i m i n i j t

i j

C C T S S t Mν ν
+

+ − + −
= =

= − −∑∑ . 

gamoviyenoT itos formula: 

1
0

0 0 (0, ]

( ) ( )
m n i

i j j
t m n i m i n i j s s

i j t

X X C C T S j S s M dMν ν
+

−
+ − + − −

= =

⎛
= + − − +⎜⎜

⎝
∑∑ ∫  

2

2
0 2(0, ] (0, ]

( ) ( )
n i j j

j k k j k
s n i j k n i j j s s j

k kt t

M C S s ds S s C M dN Iν ν
+ − −

−
− + − + − − ≥

= =

⎞
+ − − + − =⎟⎟

⎠
∑ ∑∫ ∫  

1
0

0 0 (0, ]

( ) ( )
m n i

i j j
m n i m i n i j s s

i j t

X C C T S j S s M dMν ν
+

−
+ − + − −

= =

= + − − +∑∑ ∫  
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2

0 0 0(0, ]

( ) ( )
n i jm n i

i j j k
m n i m i s n i j k

i j kt

C C T S M C S s dsν ν
+ − −+

+ − − + −
= = =

+ − − − +∑∑ ∑∫  

1 2 3
0 2 2(0, ]

( ) ( ) :
jm n i

i j k j k
m n i m i n i j j s s

i j kt

C C T S S s C M dN I I Iν ν
+

−
+ − + − −

= = =

⎞
+ − − = + +⎟⎟

⎠
∑∑ ∑∫ , 

sadac Sesabamisad  

            
1

1
0 0 (0, ]

: ( ) ( )
m n i

i j j
m n i m i n i j s s

i j t

I C C T S j S s M dMν ν
+

−
+ − + − −

= =

= − −∑∑ ∫  

2

2
0 0 0(0, ]

: ( ) ( )
n i jm n i

i j j k
m n i m i s n i j k

i j kt

I C C T S M C S s dsν ν
+ − −+

+ − − + −
= = =

= − − −∑∑ ∑∫  

3
0 2 2(0, ]

: ( ) ( )
jm n i

i j k j k
m n i m i n i j j s s

i j kt

I C C T S S s C M dNν ν
+

−
+ − + − −

= = =

⎞
= − − ⎟⎟

⎠
∑∑ ∑∫  

 Tu movaxdenT ormagi jamis gaSlas 2I -sa da 3I -Si vnaxavT, rom 

TviToeul wevrs sdN -Ti Seesabameba imave koeficientis mqone wevri ds− -

Ti. am mizniT SevamowmoT sM − -is erTi da igive xarisxis mqone wevrebi. 

 marTlac, sM − -is nuli xarisxisTvis (igulisxmeba 2I -Si 0=j  da 3I -

Si kj = ) miviRebT: 

                   
2

2
0 0(0, ]

(0) : ( ) ( )
m n i

i k
m m i n i k

i kt

I C T S C S s dsν ν
+ −

− +
= =

= − − −∑ ∑∫ , 

3
0 2 (0, ]

(0) : ( ) ( )
m n i

i j
m n i m i n i j s

i j t

I C C T S S s dNν ν
+

+ − + −
= =

= − −∑∑ ∫ . 

niutonis binomis koeficientebis Tvisebebis gamoyenebiT advilad 

davinaxavT, rom 2 3(0) (0)I I= − .  

axla ganvixiloT zogadi SemTxveva: SevadaroT erTmaneTs sM − -s p  

xarisxis mqone wevrebi, anu aviRoT 2I -Si pj =  da 3I -Si ki pkj =− . es we-

vrebia: 
2

2
0 0(0, ]

( ) : ( ) ( )
n i pm

i p p k
m n i m i s n i p k

i kt

I p C C T S M C S s dsν ν
+ − −

+ − − + −
= =

= − − −∑ ∑∫ , 

3
0 (0, ]

( ) ( ) ( )
m n i

i j p j p
m n i m i s j n i j s

i j p t

I p C C T S M C S s dNν ν
+

−
+ − − + −

= =

= − −∑∑ ∫ . 

isev, niutonis binomis koeficientebis Tvisebebis gamoyenebiT Zneli 

ar aris davrwmundeT, rom 2 3( ) ( )I p I p= − . vinaidan, s sdN ds dM− = , amitom  

S t≥  SemTxvevisaTvis sabolood vRebulobT, rom: 

1
0

0 0 (0, ]

( ){ ( )
m n i

i j j
t m n i m i n i j s s

i j t

X X C C T S j S s M dMν ν
+

−
+ − + − −

= =

= + − − +∑∑ ∫  

2(0, ]

( ) }
j

k j k
n i j j s s

kt

S s C M dMν −
+ − −

=

+ − ∑∫ . 

axla ganvixiloT SemTxveva: S t T< ≤ . maSin 1.7 lemisa da itos form-

ulis gamoyenebiT gvaqvs: 
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: n m M n m M
t S T t S T tX E M M M E M⎡ ⎤ ⎡ ⎤= ⋅ ℑ = ℑ =⎣ ⎦ ⎣ ⎦  

1
0

0 0 (0, ]

( ) { ( )
n n

n i i n i i
S n n i t S n n i s s

i i t

M C T t M X M C i T s M dMν ν −
− − −

= =

= − = + − +∑ ∑ ∫  

2

2 0(0, ] (0, ]

( ) ( ) }
i n i

j i j i k
n i i s s s n i k

j kt t

T s C M dN M C T s dsν ν
− −

−
− − − −

= =

+ − + − − =∑ ∑∫ ∫  

1
0

0 (0, ]

( )
n

n i i
S n n i s s

i t

X M C i T s M dMν −
− −

=

= + − +∑ ∫  

0 2(0, ]

( )
n i

n i j i j
S n n i i s s

i jt

M C T s C M dNν −
− −

= =

+ − +∑ ∑∫  

2

1 2 3
0 0(0, ]

( ) :
n n i

n i i k
S n s n i k

i kt

M C M C T s ds I I Iν
− −

− −
= =

+ − − = + +∑ ∑∫ , 

sadac Sesabamisad  

             
1

1
0 (0, ]

: ( )
n

n i i
S n n i s s

i t

I M C i T s M dMν −
− −

=

= −∑ ∫ , 

             2
0 2(0, ]

: ( )
n i

n i j i j
S n n i i s s

i jt

I M C T s C M dNν −
− −

= =

= −∑ ∑∫ , 

2

3
0 0(0, ]

: ( )
n n i

n i i k
S n s n i k

i kt

I M C M C T s dsν
− −

− −
= =

= − −∑ ∑∫ .           

iseve rogorc pirvel SemTxvevaSi,  advili sanaxavia, rom 2I -is  yo-

vel wevrs tdN -Ti Seesabameba 3I -Si imave koeficientis mqone wevri dt− -

Ti. marTlac, SevadaroT erTmaneTs sM − -is erTi da igive p  xarisxis mqo-

ne wevrebi. es wevrebia: 

2
2 (0, ]

( ) : ( )
n

n i i p p
S n n i i s s

i p t

I p M C T s C M dNν −
− −

= +

= −∑ ∫ , 

2

3
0(0, ]

( ) : ( )
n p

n i p k
S n s n p k

kt

I p M C M C T s dsν
− −

− −
=

= − − −∑∫ . 

niutonis binomis koeficientebis Tvisebebs gamoyenebiT davinaxavT, 

rom 2 3( ) ( )I p I p= − . amitom gvaqvs: 

        0
0 1(0, ]

[ ( ) ]
n i

i n j i j
t n S n i i s s

i jt

X X C M T s C M dMν −
− −

= =

= + −∑ ∑∫ ,  roca S t T< ≤ . 

sabolood, Tu gaviTvaliswinebT, rom 
m
T

n
ST MMX =  da )(0

m
T

n
S MMEX = , 

miviRebT Semdeg warmodgenas: 

0 0

[ ] ( )
m n i

n m n m i j
T S T S T m n i m i

i j

X M M E M M C C T Sν
+

+ −
= =

= = + − ×∑∑  

1

2(0, ]

( )( )
j

j k j k
n i j t j t t

kS

S t jM C M dMν − −
+ − − −

=

× − + +∑∫  

           
0 1( , ]

( )
n i

i n j i j
n S n i i t t

i jS T

C M T t C M dMν −
− −

= =

⎛ ⎞
+ −⎜ ⎟

⎝ ⎠
∑ ∑∫ .   (P-T.y.). 
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axla gamovTvaloT (4.1) warmodgenaSi monawile itergalqveSa gamos-

axuleba ]),([ 2
−ℑ∇ tSTnt MMPE . 2

t∇  operatoris ganmartebisa da (1.6) Tanafard-

obis safuZvelze,  advili dasanaxia, rom: 
2 ( , ) {[( 1) ( 1) ( 1) ]n m n m
t n T S S T S TP M M M M M M∇ = + + − + − 

(0, ] (0, ][( 1) ]} ( ) [( 1) ] ( )n m n m n m n m
S T S T S S T S T SM M M M I t M M M M I t+ − + + − +  

(0, ][ ( 1) ] [( 1) ]n m n m n n
S T S T T S SM M M M I M M+ + − = + − ×  

(0, ] (0, ][( 1) ] ( ) [( 1) ] ( )m m n n m
T T S S S T SM M I t M M M I t× + − + + − +  

1

(0, ] (0, ]
0 0

[( 1) ] ( )
n m

m m n i i j j
T T S T n S m T S

i j

M M M I C M C M I t
−

= =

+ + − = +∑ ∑  

1 1 1

(0, ] (0, ]
0 0 0 0

( ) [ ] ( )
m n m m

j j n i i j j j j n
m T S T n S m T m T S S

j i j j
C M M I t C M C M C M M I t

− − −

= = = =

+ = + +∑ ∑ ∑ ∑  

1 1 1

( , ] (0, ]
0 0 0 0

( ) [ ] ( )
m n m m

j j n i j j i j j n
m T S S T n m T S m T S S

j i j j

C M M I t C C M M C M M I t
− − −

= = = =

+ = + +∑ ∑∑ ∑  

1

( , ]
0

( )
m

j j n
m T S S T

j

C M M I t
−

=

+∑ . 

axla gamovTvaloT 
2[ ( , ) ]M
t n T S tE P M M −∇ ℑ  pirobiTi maTematikuri lodi-

ni. ganvixiloT SemTxveva, rodesac tS ≥ . gvaqvs: 

1 1
2

0 0 0
[ ( , ) ]

n m m
M i j j i j j n M

t n T S t n m T S m T S t
i j j

E P M M E C C M M C M M
− −

− −
= = =

⎡ ⎤⎛ ⎞
∇ ℑ = + ℑ⎢ ⎥⎜ ⎟

⎢ ⎥⎝ ⎠⎣ ⎦
∑∑ ∑ . 

1.7 lemis gamoyenebiT, zemoT Catarebuli procedurebis analogiur-

ad gamoTvlili pirobiTi maTematikuri lodini daemTxveva tS ≥   

SemTxvevisaTvis zemoT gamoTvlil TX  SemTxveviT sidides. analogiurad, 

Tu TlS ≤< , maSin 
2[ ( , ) ]M
t n T S tE P M M −∇ ℑ  -s mniSvneloba daemTxveva Sesabamis 

warmodgenas TX -Tvis. riTac Teoremis damtkiceba dasrulebulia xarisx-

ovani funqcionalebisTvis.  

aqedan gamomdinare, maTematikuri lodinis, pirobiTi maTematikuri 

lodinis, 
2
t∇  operatorisa da stoqasturi integralis wrfivobis gaTval-

iswinebiT, Teorema samarTliani iqneba polinomialuri funqcionalebisT-

visac.  �  

Teorema 4.1. nebismieri  naturaluri 1≥n  ricxvisaTvis samarTliania 

Semdegi warmodgena: 

     
2( , ) [ ( , ) ]

p M M
t n T S t n T S tD P M M E P M M −⎡ ⎤ = ∇ ℑ⎣ ⎦ ,    ( dP dt⊗ -T.y.) 

sadac [ ]),( STn
M
t

p MMPD  aRniSnavs ),( STn MMP  funqcionalis stoqasturi wa-

rmoebulis Wvretad proeqcias. 

 

damtkiceba: rogorc cnobilia (ix. Ma, Protter, Martin 1998) (P -T.y.) adgi-

li aqvs warmodgenas: 

[ ] t
ST

STn
M
t

p
STnSTn dMMMPDMMPEMMP ∫

∨

+=
],0(

),()],([),( . 

ganvixiloT SemTxveviTi sidide 
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{ }2

(0, ] (0, ]

( , ) [ ( , ) ] :
p M M

T t n T S t n T S t t t t
T T

y D P M M E P M M dM dMη−⎡ ⎤= − ∇ ℑ =⎣ ⎦∫ ∫ . 

erTis mxriv, 4.1 Teoremis Tanaxmad, cxadia, rom 0=Ty  (P-T.y.). meo-

res mxriv, ki itos formulis gamiyenebiT SeiZleba davweroT, rom: 

∫ ∫+= −
],0( ],(

22 ],[2
T To

tttttT MMddMyy ηη . 

 Tu axla aviRebT am tolobis orive mxaris maTematikur lodins, da 

gaviTvaliswinebT 0=Ty  (P-T.y.)  Tanafardobas, da stoqasturi integral-

isa da normaluri martingalis cnobil Tvisebebs, miviRebT, rom: 

              0= ∫ ∫ ∫==
],0( ],0( ],0(

222 ,],[
T T T

ttttt dtEMMdEMMdE ηηη , 

saidanac gamomdinareobs Teoremis samarTlianoba.  �  
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$ 5 

ori cvladis kvadratiT integrebadi puasonis 

funqcionalebis stoqasturi integraluri 

warmodgena 
 

 

SemoviRoT aRniSvna:  

)(

)!(
)(

!
:),,,( ST

xy
T

x

e
xy

STe
x

SSTyx −−
−

−

−
−

=ρ , 

xolo )),,,(;(: 2
,

2 STyxZZLL ST ρ++ ×=  simboloTi avRniSnoT funqcionaluri 

sivrce 
++ × ZZ -ze,  

2
),(:

,,2 LST
STgg ρ=  sasruli normiT. 

lema 5.1. 
STL ,

2  sivrce aris banaxis sivrce 1,)},,,({ ≥mn
mn STyxyx ρ  bazisiT. 

 

damtkiceba: 1.1 Teoremis Tanaxmad, lemis samarTlianobisaTvis sakmar-

isia SevamowmoT, rom arsebobs iseTi 0δ >  ricxvi, rom nebismieri  x  da 
y  dadebiTi ricxvebisaTvis: ∞<⋅ +⋅ )(),,,( yxeSTyx δρ . gvaqvs: 

                                             =⋅ +⋅ )(),,,( yxeSTyx δρ  

                 
( ) 2 ( )( )

! ( )!

x y x
T T S x y xS T Se e e e

x y x
δ δ

−
− − − ⋅ ⋅ −−

= ⋅ ⋅ =
−

 

)(
2

)!(
))((

!
)( ST

xy
T

x

e
xy
eSTe

x
eS −−

−
−

−
⋅−⋅

=
δδ

 

TiToeuli Tanamanravli aris SemosazRvruli amitom SegviZlia 

davaskvnaT, rom   

                            ∞<⋅ +⋅ )(),,,( yxeSTyx δρ . �  

 

nebismieri ),( yxf  funqciisTvis moiZebneba  iseTi ),( yxg  funqcia, 

rom ),(),( xyxgyxf −= . 

 SemoviRoT aRniSvna: ))(,(:),(~ STySxfyxf −−−= . maSin samarTliania 

Semdegi Teorema: 

 

Teorema 5.1. Tu ),( yxf  funqcia iseTia, rom 
TSLyxf ,

2),( ∈  da 

TS
yx Lxyxf ,

2),(~
∈−∇∇ , maSin (P-T.y.). arsebobs integrali: 

2

(0, ]

[ ( , ) ]M
t T S t t

T S

E f M M dM−
∨

∇ ℑ∫ . 

 

damtkiceba:  debulebis sisworeSi dasarwmuneblad sakmarisia vaCve-

noT, rom:  
22

(0, ]

[ ( , ) ] [ , ]M
t T S t t

T S

E E f M M d M M−
∨

∇ ℑ < ∞∫  
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erTis mxriv, normaluri martingalisa da stoqasturi integralis 

cnobili Tvisebebis Tanaxmad, iensenis utolobis safuZvelze, SegviZlia 

davweroT, rom:  
2 2

(0, ]

[ ( , ) ] [ , ]M
t T S t t

T S

E E f M M d M M−
∨

∇ ℑ =∫  

2 2

(0, ]

[ [ ( , ) ]]M
t T S t

T S

E E f M M dt−
∨

= ∇ ℑ ≤∫  

=∇=∇≤ ∫∫
∨∨

dtMMfEdtMMfE
ST

STt
ST

STt
2

],0(

22

],0(

2 ]),([]),([  

[0, ] [0, ] [0, ]
(0,

[ ( ( , )) ( ) ( ) ( , ) ( )x y T S T S x T S T
T S

E f M M I t I t f M M I t
∨

= ∇ ∇ +∇ +∫  

2
[0, ]( , ) ( )]y T S Sf M M I t dt+∇ ≤  

meores mxriv, Tu axla visargeblebT 
2 2

1 1

( ) 2
n n

i i
i i

a a
= =

≤∑ ∑  utolobiT, adv-

ilad davrwmundebiT, rom:  
2 2

(0, ]

[ ( , ) ] [ , ]M
t T S t t

T S

E E f M M d M M−
∨

∇ ℑ ≤∫  

2 2

0 0

2 [ ( ( , ))] 2 [ ( , )]
S T

x y T S x T SE f M M dt E f M M dt≤ ∇ ∇ + ∇ +∫ ∫  

2

0 0

2 [ ( , )] 2 [ ( 1, 1) ( 1, )
S S

y T S T S T SE f M M dt E f M M f M M+ ∇ = + + − + −∫ ∫  

 

2 2

0

( , 1) ( , )] 2 [ ( , 1) ( , )]
T

T S T S T S T Sf M M f M M dt E f M M f M M dt− + + + + − +∫  

2

0

2 [ ( 1, ) ( , )]
S

T S T SE f M M f M M dt+ + − ≤∫  

∫∫ +++++≤
S

ST

S

ST dtMMfEdtMMfE
0

2

0

2 )],1([8)]1,1([4  

∫∫ ∞<+++
S

ST

S

ST dtMMfEdtMMfE
0

2

0

2 )],([12)]1,([8 . �  

 

 Teorema 5.2. Tu ),( yxf  funqcia iseTia, rom 
TSLyxf ,

2),( ∈  da 

αα /,/
2),(~ TS

yx Lxyxf ∈−∇∇ , maSin 10 << α  ricxvisTvis samarTliania warmodg-

ena: 

        
2

(0, ]

( , ) [ ( , )] [ ( , ) ]M
T S n T S t T S t t

T S

f M M E f M M E f M M dM−
∨

= + ∇ ℑ∫ .   (P-T.y.)     (5.1) 

 

damtkiceba: radganac αα /,/
2),(~ TS

yx Lxyxf ∈−∇∇ , amitom ganmartebis Tan-

axmad moiZebneba ),(~ xyxRn −  polinomTa iseTi mimdevroba, rom 
/ , /

2( , ) ( , )
S TL

nR x y x f x y x
α α

− ⎯⎯⎯⎯→ −%% . 

ganvixiloT polinomTa axali mimdevrobebi (igulisxmeba xy > ): 
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∑
−−

=

+∇=−
1

0
1, ),(~)0,(~:),(~ xy

j
nxn jxRxfxyxQ ; 

∑
−

=

−+−∇=−
1

0
2, ),(~),0(~:),(~ x

i
nyn xyiRxyfxyxQ ; 

∑ ∑
−

=

−−

=

+−∇+∇+−=−
1

0

1

0

),(~),0(~)0,(~)0,0(~:),(~ x

i

xy

j
nyxn jiRxyfxffxyxP . 

cxadia, rom adgili aqvs Tanafardobebs: 

∑
−−

=

∇∇+∇=−∇
1

0

),(~)0,(~:),(~ xy

j
yxxx jxfxfxyxf ; 

∑
−

=

−∇∇+−∇=−∇
1

0

),(~),0(~:),(~ x

i
yxyy xyifxyfxyxf ; 

∑ ∑
−

=

−−

=

∇∇+−∇+∇+−=−
1

0

1

0

),(~),0(~)0,(~)0,0(~:),(~ x

i

xy

j
yxyx jifxyfxffxyxf . 

),(~ xyxPn −  funqcia warmoadgens erTi cvladis funqciis da 

polinomis jams, romelTaTvisac Cven ukve miRebuli gvaqvs martingaluri 

warmodgena, amitom ),(~ xyxPn − -Tvis samarTliani iqneba warmodgena: 

+−=− )],(~[),(~
STSnSTSn NNNPENNNP  

                        
2

(0, ]

[ ( , ) ]M
t n S T S t

T S

E P N N N dM−
∨

+ ∇ − ℑ∫ %   (P-T.y.).     (5.2) 

vaCvenoT am warmodgenis krebadoba Sesabamisi warmodgenisken f~ -

Tvis. jer ganvixiloT warmodgenis marjvena mxare.       

2

2
( , ) ( , )n S T S S T S L

P N N N f N N N− − − =%%  

2

2( 1) ( 1)

0 0
[ ( , ) ( , )]

S T SN N N

n x y
i j L

R i j f i j
− − −

= =

= −∇ ∇∑ ∑ %% . 

Tu gamoviyenebT elementalur utolobas ∑∑
==

≤⎟
⎠

⎞
⎜
⎝

⎛ n

i
i

n

i
i aa

1

2
2

1

2  advilad 

davinaxavT, rom:    

2

2
( , ) ( , )n S T S S T S L

P N N N f N N N− − − =%%  

2( 1) ( 1)
( )

0 0 0

( )[ ( , ) ( , )]
! ( )!

S r kk r k
S T S

n x y
k r k i j

k T SR i j f i j e e
k r k

−− − −∞ ∞
− − −

= = = =

⎡ ⎤ −
= −∇ ∇ ⋅ ≤⎢ ⎥ −⎣ ⎦
∑∑ ∑ ∑ %%  

( 1) ( 1)
2 ( )

0 0 0

( )( ) [ ( , ) ( , )]
! ( )!

S r kk r k
S T S

n x y
k r k i j

k T Sk r k R i j f i j e e
k r k

−− − −∞ ∞
− − −

= = = =

−
≤ − −∇ ∇

−∑∑ ∑ ∑ %% . 

 SevkvecoT )( krk − -ze da gamosaxuleba jamis SigniT gavamravloT da 

gavyoT αα αα STijSi

e
ij

STe
i

s −
−−−

−
−

)!(
)/)((

!
)/(

 gamosaxulebaze, maSin miviRebT: 

≤−−−
2

2

),(~),(~
LSTSSTSn NNNfNNNP  
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( 1) ( 1)
2

0 0 0
[ ( , ) ( , )]

k r k

n x y
k r k i j

R i j f i j
− − −∞ ∞

= = = =

≤ −∇ ∇ ×∑∑∑ ∑ %%  

( / ) ! (( ) / )
! ( / ) ( )!

S S T Si j i

i

s i T Se e e
i s j i

α α αα α
α

−−− −−
× ×

−
 

1 1
( )( )! ( )( )

(( ) / ) ( 1)! ( 1)!

T S K r k
S T S

j i

j i S S T S T Se e e
T S k r k

α

α

− − − −
− − −

−

− ⋅ − −
×

− − − −
. 

aRvniSnoT )/(00 αSii =  simboloTi  is naturaluri ricxvi, romlis-

Tvisac erTdroulad sruldeba utolobebi: 

1
)/(

!0 ≤
oiT

i
α

, xolo 1
)/(

)!1(
1

0
0

≥
+

+iT
i
α

. A 

aRvniSnoT agreTve )/)((1
0

1
0 αSTii −=  simboloTi is naturaluri 

ricxvi, romlisTvisac adgili aqvs utolobebs: 

1
)/)((

!
1
0

1
0 ≤

− iST
i

α
 da 1

)/)((
)!1(

1

1
0

1
0

≤
−

+
+iST

i
α

. 

maSin aseTi ricxvebisTvis cxadia, rom samarTliania: 

             

0

01

1, 1 ( / );
!max ( 1)! , 1 ( / ).( / )

( / )
i

k

k i S
i

k k i SS
S

α

αα
α −

− ≤⎧
⎧ ⎫ ⎪= −⎨ ⎬ ⎨ − ≥⎭⎩ ⎪⎩

roca

roca
 

       

1
0

1
01

1, 1 (( ) / );
( )!max ( 1)!(( ) / ) , 1 (( ) / ).

(( ) / )
J i

r k

r k i T S
j i

r kT S r k i T S
T S

α

α α
α

−
− −

⎧ − − ≤ −
⎧ ⎫− ⎪= − −⎨ ⎬ ⎨− − − ≥ −⎭⎩ ⎪ −⎩

roca

roca
 

yovelive zemoT Tqmulis gaTvaliswinebiT ukanaskneli jamisaTvis 

samarTliani iqneba Semdegi Sefasebebi: 

≤−−−
2

2

),(~),(~
LSTSSTSn NNNfNNNP  

1
0 0 ( 1) ( 1)

2

0 0 0 0

( / )( ) [ ( , ) ( , )]
!

Si i ik r k

n x y
k r k i j

sS T S R i j f i j e
i

αα− − − −

= − = = =

≤ − −∇ ∇ ×∑ ∑ ∑ ∑ %%  

1 1
( )(( ) / ) ( )

( )! ( 1)! ( 1)!

T S S T Sj i k r k
S T ST S S T Se e e e e

j i k r k
α α αα − −− − − −− − − −− −

×
− − − −

+ 

+
0

1
0

( 1) ( 1)
2

0 0 0

( / )( ) [ ( , ) ( , )]
!

Si ik r k

n x y
k i jr k i

sS T S R i j f i j e
i

αα− − −∞ −

= = =− =

− −∇ ∇ ×∑ ∑ ∑ ∑ %%  

1
( )(( ) / )

( )! ( 1)!

T S S T Sj i k
j i S T ST S Se e e e e

j i k
α α αα α
− −− −− − − − −−

×
− −

+ 

+
( 1) ( 1)

2

0 0 0

( / )( ) [ ( , ) ( , )]
!

Sik r k

n x y
k r k i j

sS T S R i j f i j e
i

αα− − −∞ ∞ −

= = = =

− −∇ ∇ ×∑∑∑ ∑ %%  

1
( )(( ) / ) ( )

( )! ( 1)!

T S S T Sj i r k
S T ST S T Se e e e e

j i r k
α α αα − −− − −− − − −− −

×
− − −

+ 

+
( 1) ( 1)

2

0 0 0

( / )( ) [ ( , ) ( , )]
!

Sik r k

n x y
k r k i j

sS T S R i j f i j e
i

αα− − −∞ ∞ −

= = = =

− −∇ ∇ ×∑∑∑ ∑ %%  
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( )(( ) / )
( )!

T S S T Sj i
S T ST S e e e e e

j i
α α αα − −− − − − −−

× ≤
−

 

(gavzrdoT SesakrebTa raodenoba) 
1

0 0
2

0 0 0 0

( / )( ) [ ( , ) ( , )]
!

Si i i

n x y
k r k i j

sS T S R i j f i j e
i

αα∞ ∞ −

= − = = =

≤ − −∇ ∇ ×∑ ∑ ∑∑ %%  

1 1
( )(( ) / ) ( )

( )! ( 1)! ( 1)!

T S S T Sj i k r k
S T ST S S T Se e e e e

j i k r k
α α αα − −− − − −− − − −− −

×
− − − −

+ 

+
0

1
0

2

0 0 0

( / )( ) [ ( , ) ( , )]
!

Si i

n x y
k i jr k i

sS T S R i j f i j e
i

αα∞ ∞ ∞ −

= = =− =

− −∇ ∇ ×∑ ∑ ∑∑ %%  

1
( )(( ) / )

( )! ( 1)!

T S S T Sj i k
j i S T ST S Se e e e e

j i k
α α αα α
− −− −− − − − −−

×
− −

+ 

+

1
0

2

0 0 0 0

( / )( ) [ ( , ) ( , )]
!

Si i

n x y
k r k i j

sS T S R i j f i j e
i

αα∞ ∞ ∞ −

= − = = =

− −∇ ∇ ×∑ ∑ ∑∑ %%  

1
( )(( ) / ) ( )

( )! ( 1)!

T S S T Sj i r k
S T ST S T Se e e e e

j i r k
α α αα − −− − −− − − −− −

×
− − −

+ 

+
2

0 0 0

( / )( ) [ ( , ) ( , )]
!

Si

n x y
k r k i j

sS T S R i j f i j e
i

αα∞ ∞ ∞ ∞ −

= = = =

− −∇ ∇ ×∑∑∑∑ %%  

( )(( ) / )
( )!

T S S T Sj i
S T ST S e e e e e

j i
α α αα − −− − − − −−

× =
−

 

⎜⎜
⎝

⎛
+

−−
−

−
⋅−−= −−

−−
−

−−
)(

11

)!1(
)(

)!1(
)(,~)(,~)(

,
2

ST
kr

S
kSTS

Ln e
kr
STe

k
SeefRSTS

TS
αα  

+
−−

−
+

−
+ −−

−−
−

−
−−−

−−
− )(

1
)(

1

)!1(
)(

)!1(
ST

kr
S

STS
STS

kSTS
ij e

kr
STeeeee

k
See ααααα  

0)( ⎯⎯ →⎯⎟
⎟
⎠

⎞
+ ∞→−−−

−
nSTS

STS

eeee αα . 

Sesabamisad, Cven miviReT, rom: 

2( , ) ( , ) ,L
n S T S S T SP N N N f N N N n− ⎯⎯→ − →∞%% roca . 

aqedan martivad miiReba maTematikuri lodinebis krebadobac, anu 

[ ( , )] [ ( , )] ,n S T S S T SE P N N N E f N N N n− → − →∞%% roca . 

 dagvrCa Sesamowmebeli ukanaskneli Sesakrebis krebadoba. Sevamow-

moT, rom krebadobas adgili aqvs saSualo kvadratuli azriT. (davuSvaT 

ST ≥ ) maSin stoqasturi integralisa da normaluri martingalis  Tvise-

bebis gamoyenebiT SegviZlia davweroT, rom: 
2

2 2

(0, ]

[ ( , ) [ ( , ) ]M
t n S T S t T S t t

T

E E P N N N f M M dM−

⎛ ⎞
∇ − − ∇ ℑ ≤⎜ ⎟⎜ ⎟

⎝ ⎠
∫ %%  

2 2 2

(0, ]

( { [ ( , ) [ ( , ) ]} [ , ] )M
t n S T S t T S t t

T

E E P N N N f M M d M M−≤ ∇ − − ∇ ℑ ≤∫ %%  

2 2 2

(0, ]

( [{ ( , ) [ ( , )} ] , )M
t n S T S t T S t t

T

E E P N N N f M M d M M−≤ ∇ − − ∇ ℑ ≤∫ %%  

(pirobiTi maTematikuri lodinis Tvisebebis gamoyenebiT) 
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=∇−−∇≤ ∫ dtMMfNNNPE
T

STtSTSnt
],0(

222 ])},(~[),(~[{  

∫ +−∇+−∇∇=
],0(

].0(],0(].0( ),(~),(~[{
T

SSTSnxTSSTSnyx INNNPIINNNPE

(0. ] (0. ] (0, ]( , ) ( ( , )y n S T S T x y S T S S TP N N N I f N N N I I+∇ − − ∇ ∇ − +%%  

2
(0. ] (0. ]( , ) ( , ) )]x S T S S y S T S Tf N N N I f N N N I dt+∇ − +∇ − ≤% %  

( ∑∑
==

≤⎟
⎠

⎞
⎜
⎝

⎛ n

i
i

n

i
i ana

1

2
2

1

 utolobis gamoyenebiT) 

+−∇∇−−∇∇≤ ∫ dtIINNNfNNNPE
T

TSSTSyxSTSnyx
],0(

2
],0(].0( ]),(~),(~[  

+−∇−−∇+ ∫ dtINNNfNNNPE
T

SSTSxSTSnx
],0(

2
].0( ]),(~),(~[  

2
(0, ]

(0, ]

[ ( , ) ( , ) ]y n S T S y S T S T
T

E P N N N f N N N I dt+ ∇ − −∇ −∫ %% . 

 aqedan, (5.2) warmodgenis marjvena mxaris krebadobis damtkicebis 

gzis analogiurad SegviZlia davweroT, rom:  
2
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t n S T S t T S t t

T

E E P N N N f M M dM−

⎛ ⎞
∇ − − ∇ ℑ ≤⎜ ⎟⎜ ⎟
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STeeeee
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],0(

32,
],0(

21, ,
2

,
2

)(,~)(,~)(,~)(,~

T
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S
Lxn dtcfQTdtcfQT

TSTS
 

∫∫∫ ∇−+∇−+−=
],0(

32,
],0(

21,
],0(

1 ,
2

,
2

,
2

)(,~)(,~)(,~)(,~)(,~)(,~

T
Lyn

S
Lxn

T
Ln dtcfQdtcfQdtcfR

TSTSTS
, 

sadac 1c , 2c  da 3c  arian mudmivebi. ra Tqma unda ukanasknel tolobaSi 

TviToeuli Sesakrebi miiswrafis nulisken, riTac Teoremis damtkiceba 

dasrulebulia.  �  
 

Teorema 5.3. vTqvaT 
STLf ,

2∈  da raime 10 << α  ricxvisTvis 
αα /,/
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damtkiceba: damtkiceba analogiuria 4.2 Teoremis damtkicebis.  
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Teorema 5.5. Tu f  funqcia aris nTTTL ,...,,
2
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2
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